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Chapter 1Introduction1.1 General de�nitionDivide and colour (DaC) models are a very general family of models unifying severalmathematically and physically important models such as Bernoulli (independent)site percolation, the Ising, Potts, and the fuzzy Potts model. Their de�nition is verysimple. Given a set V , one �rst takes a partition of V (i.e., considers disjoint subsetsof V whose union is V) according to some rule, then assigns to each resulting subseta random colour (or spin) chosen from the single-spin space S = {1, 2, . . . , s} (i.e.,the same spin to each element in the subset), independently for di�erent subsets.The distribution on S which gives the probability of which colour is assigned to asubset will be referred to as the colouring distribution. We usually want to viewDaC models as correlated spin models, where the only role of partitioning V is tointroduce dependence between the colour of di�erent elements of V .A natural representation of DaC models is the following. Let us consider a graph
G with vertex set V and edge set E , and assign to each edge value 0 or 1 accordingto a probability measure ν on the set ΩGD = {0, 1}E of bond con�gurations, whichwe shall call the dividing distribution. Given a bond con�guration η ∈ ΩGD, we callan edge e with η(e) = 1 open (or present), and with η(e) = 0 closed (or absent),and de�ne a subgraph R(η) of G whose vertex set is V , and edge set consists ofthe open edges in η. We call the connected components in R(η) bond clusters(in η), and for a vertex v ∈ V , we denote the bond cluster which contains v by
Cbond
v (η), and call it the bond cluster of v in η. Then we de�ne a partition of Vas follows: a ∈ V and b ∈ V are in the same subset in the partition if and only if

Cbond
a (η) = Cbond

b (η), i.e., they are in the same connected component in R(η). Itis clear then that each bond con�guration η determines uniquely a partition of V ,hence the measure ν induces a probability measure on the set of partitions of V .9



10 CHAPTER 1. INTRODUCTIONBefore we proceed, some simple remarks are in place. First, taking a completegraph G (i.e., in which there is an edge between any two vertices), we have that foreach partition of V there exists a bond con�guration η which induces the underlyingpartition. Indeed, for each element H ⊂ V in the partition, let all the edges withboth endvertices in H be open, and let all the edges with one endvertex in H andone in V \H be closed. However, with a smaller edge set E , it may be the case thatnot all partitions of V are possible. For instance, if a, b ∈ V are not in the sameconnected component ofG, then they will not be in the same subset in any partitioninduced by a bond con�guration η ∈ ΩGD. Secondly, for most partitions of V thereare several di�erent bond con�gurations that induce the underlying partition. Inparticular, if a bond con�guration η is such that the endvertices a and b of an edge
e are connected in the restriction of η to {0, 1}E\{e}, then irrespective of the valueof η(e), a and b are in the same subset of the induced partition of V .Two important dividing distributions are the following. The �rst one is thatall edges in G are closed, ν-almost surely. Then in the corresponding DaC modelit is ν-a.s. true that the bond cluster of each vertex v is the graph with vertex set
{v} and without any edges. Therefore, in this case there is no correlation betweenthe spins of di�erent vertices, what we get is an independent spin model. This is avery well-known model in percolation theory called Bernoulli site percolation, seefor instance [68] and the references therein.The second important dividing distribution that we consider is the productmeasure on {0, 1}E with density p ∈ (0, 1). That is, we look at the edges one byone, open the underlying edge with probability p, and close it with probability 1−p.The corresponding DaC model was introduced by Häggström in [55], and termedthe divide and colour model. Some motivations for studying this model were givenalready in [55], for instance that in case of i.i.d. edge dilution in the Ising andthe q-state Potts models on randomly diluted lattices (see, e.g., [44, 3, 36, 57] forthe de�nition), the zero temperature limit is exactly this DaC model with spins
S = {1, 2, . . . , q} and each spin having equal probability to be assigned to a bondcluster. For more details on this, see [43]. Further motivation can be that, asnoted in [32], this model can also be obtained as the in�nite-time limit of the q-state diluted voter model. We shall study this DaC model in detail in Chapters 2and 3, but �rst we look at DaC models with general dividing distributions.Since spins are assigned independently to the bond clusters, we can view anyDaC model as Bernoulli site percolation on the random graph R̄ = (V̄ , Ē) withvertex set V̄ = {Cbond

v : v ∈ V} and with an edge between two vertices if and onlyif the corresponding bond clusters are adjacent, i.e., there exists an edge in E withone endvertex in each of the two corresponding bond clusters. This graph has theimportant property that connectivity questions in the underlying DaC model canbe reformulated as connectivity questions on R̄, in the following sense. For vertices
a, b ∈ V , we call a spin i path between a and b a sequence v0 = a, v1, . . . , vn = bof elements of V such that 〈vj , vj+1〉 ∈ E holds for all j ∈ {0, 1, . . . , n− 1} (where



1.1. GENERAL DEFINITION 11
〈vj , vj+1〉 denotes an edge between vj and vj+1), and (vj)

n
j=0 all have colour i. It iseasy to see that there exists a spin i path between a and b if and only if in R̄ there isa spin i path between Cbond

a and Cbond
b (de�ned analogously). The interpretationof DaC models as Bernoulli site percolation on R̄ will play an especially importantrole in Chapter 4.It is natural to ask whether the most important features of the Bernoulli sitepercolation model (on deterministic graphs) are preserved. In particular, one canask whether positive association of the spin variables (which for the uncorrelatedmodel is an immediate consequence of Harris' inequality [52] for product measures)holds for all DaC models. Informally, is it true for all DaC models that knowingthat certain vertices have spin i makes it more likely that other vertices also havespin i? The answer is, perhaps surprisingly, negative as witnessed by the followingcounterexample by van den Berg and Camia [13].Example 1.1.1. Let G be the graph as in Figure 1.1, embedded in R2 as indicatedin the �gure. We consider the DaC model on G with single-spin space S = {1, 2},and the following dividing distribution. With probability 1/2, we remove all thehorizontal (i.e., left-right in Figure 1.1) edges and leave all the vertical ones (wedenote this event by V ), and with probability 1/2, all the vertical edges are deletedand all the horizontal ones are retained; the corresponding event is denoted by H.Then to each resulting bond cluster we assign spin 1 with probability r and spin

2 with probability 1 − r, independently for di�erent bond clusters. We denote theresulting measure on SV × {0, 1}E by P. Now let A be the event that there exists aspin 1 path between {0}× [0, 2] and {2}× [0, 2], and B that there exists a spin 1 pathbetween [0, 2]×{2} and [0, 2]×{0}. It is easy to see that P(A) ≥ P(H)(1−(1−r)3) ≥
r/2, and analogously P(B) ≥ r/2, and that P(A ∩ B) = r3, whence A and B arenegatively correlated for all r small enough (r < 1/4 is su�cient).
Figure 1.1: The graph G embedded in R2. As usual, circles represent the verticesof G, and a line between two circles represents an edge between the correspondingvertices.It is a challenging open question to characterise the dividing distributions thatmake the spin variables positively associated. Partial results are known about theDaC models that we study in this thesis (see the next section), but a general answerseems out of reach at the moment.



12 CHAPTER 1. INTRODUCTION1.2 The DaC(q) models1.2.1 MotivationFrom this point on, we shall exclusively consider DaC models where the dividingdistribution is a random-cluster measure. These measures were introduced and �rststudied by Fortuin and Kasteleyn in a series of papers [37, 38, 39]. For a recentmonograph on random-cluster measures, see [50]. We give the de�nition below,and then we shall motivate our choice of random-cluster measures as dividingdistribution. In particular, we shall explain how DaC models de�ned in this wayare related to the Ising, Potts, and fuzzy Potts models. Given a �nite graph G =
(V , E), the random-cluster measure ΦGp,q with edge-weight p ∈ [0, 1] and cluster-weight q > 0 is the measure on ΩGD which assigns to a bond con�guration η ∈ ΩGDprobability

ΦGp,q(η) =
qk(η)

ZGp,q

∏

e∈E

pη(e)(1 − p)1−η(e), (1.1)where k(η) is the number of bond clusters in η, and ZGp,q is a normalising constantthat makes ΦGp,q a probability measure on ΩGD.Random-cluster measures are much-studied objects. Their popularity is dueto the fact that for integer values of q, the resulting measures play an importantrole in theoretical physics. The �simplest� such measure ΦGp,1 is a product measurewhich makes each edge open with probability p and closed with probability 1 − p.This and related measures have been used to model di�erent natural phenomena,among others movement of �uids through porous materials, epidemics, forest �res,as well as �ow of electricity through random resistor networks. The correspond-ing theory of Bernoulli bond percolation has a vast literature. For overviews ofthe mathematical theory of bond percolation, see [68, 49, 17]. The measure ΦGp,2is related to the Ising model [63], an (over)simpli�ed model for ferromagnetismproposed to Ising by his advisor Lenz in the 1920s, which may be the most fa-mous spatial model of statistical physics, having been studied by various authorsup to the present day. For other integer values of q ≥ 3, ΦGp,q plays a role in therandom-cluster representation of the q-state Potts model (de�ned below), which isa generalisation of the Ising model, originally proposed to Potts by Domb.Mathematically, the q-state Potts model on a graph G = (V , E) with a parameter
β ≥ 0 (which plays the role of the inverse temperature) is a random assignment ofspins to each vertex v ∈ V in such a way that the corresponding (Gibbs) probabilitymeasure πGq,β on {1, 2, . . . , q}V assigns to each spin con�guration ξ ∈ {1, 2, . . . , q}Vprobability

πGq,β(ξ) =
eβ
P

〈x,y〉∈E δξ(x),ξ(y)

ẐGq,β
,



1.2. THE DAC(Q) MODELS 13where δ is the Kronecker delta (i.e., δa,b takes value 1 if a = b, and 0 otherwise),and ẐGq,β is a normalising constant.The random-cluster representation of the q-state Potts model is the followingcoupling Q of the measures πGq,β and ΦGp,q, described �rst in [33]. For a �xed
p ∈ [0, 1), Q is the measure on {1, 2, . . . , q}V × {0, 1}E that assigns to each pair
(σ, η) ∈ {1, 2, . . . , q}V×{0, 1}E probability proportional to∏〈x,y〉∈E{(1−p)δη(e),0+

pδη(e),1δσ(x),σ(y)}. It follows from elementary calculations (see, e.g., [50]) that themarginal of Q on {1, 2, . . . , q}V is πGq,β with β = − ln(1−p) and on {0, 1}E it is ΦGp,q(i.e., Q is really a coupling of the two measures), and that the conditional measureof Q given a bond con�guration η ∈ {0, 1}E is obtained by putting random spinschosen uniformly from the set {1, 2, . . . , q} on entire bond clusters of η.This implies that the Potts model can be viewed as a DaC model as follows.One �rst draws an ΩGD-valued random bond con�guration with distribution ΦGp,qwhere p = 1 − e−β, then colours the resulting bond clusters independently insuch a way that each of the possible colours {1, 2, . . . , q} has equal probability(= 1/q). The resulting measure on spin con�gurations is exactly πGq,β . It is anatural question to ask what happens if instead of the uniform distribution on
{1, 2, . . . , q}, we consider a di�erent colouring distribution: for an integer s ≥ 2and parameters a1, a2, . . . , as, we may choose a colour for bond clusters from theset S = {1, 2, . . . , s} in such a way that colour i has probability ai to be chosen.The above question is physically motivated in the case of 1 < s < q, in thefollowing way. In image restoration, it is sometimes assumed that in the undistortedimage the colours of pixels are distributed according to a Potts Gibbs measure.However, if we look at the picture in lower resolution, we may not be able todistinguish certain colours from each other. This phenomenon can be modelledmathematically (see [73, 31, 54, 56]) by taking positive integers r1, r2, . . . , rs suchthat∑s

i=1 ri = q, and given a spin con�guration σ ∈ {1, 2, . . . , s}V , de�ning a new(�fuzzy�) spin con�guration ξ ∈ {1, 2, . . . , s}V by taking for each x ∈ V

ξ(x) =























1 if σ(x) ∈ {1, 2, . . . , r1},
2 if σ(x) ∈ {r1 + 1, r1 + 2, . . . , r1 + r2},...
s if σ(x) ∈ {

(

∑s−1
i=1 ri

)

+ 1,
(

∑s−1
i=1 ri

)

+ 2, . . . , q}.Assuming that σ has distribution πGq,β , the distribution ρGq,β,(r1,r2,...,rs) of ξ on
{1, 2, . . . , s}V is called the fuzzy Potts measure with parameters q, β, (r1, r2, . . . , rs).The corresponding model is called the fuzzy Potts model, and it is one of thesimplest and most natural examples of a hidden Markov random �eld, i.e., a non-invertible function of a nearest-neighbour Markov �eld [72]. It is readily seen thata random spin con�guration with distribution ρGq,β,(r1,r2,...,rs) can be constructed



14 CHAPTER 1. INTRODUCTIONas a DaC model, by choosing ΦGp,q with p = 1 − e−β as dividing distribution, and
S = {1, 2, . . . , s}, ai = ri/q for the colouring distribution.From a mathematical point of view however, there is no reason to assume that
s < q. In fact, since the single-spin space S does not depend on q anymore (asopposed to what happens in the q-state Potts model), we may choose any value of
q > 0 for the dividing distribution ΦGp,q, not only integers. Following [5], we callthe resulting model, i.e., a DaC model with dividing distribution ΦGp,q, single-spinspace S = {1, 2, . . . , s}, and colouring distribution given by a1, a2, . . . , as ∈ (0, 1)such that ∑s

i=1 ai = 1, the q-divide and colour (DaC(q)) model with parameters
p, q, s, (a1, a2, . . . , as), and denote the corresponding probability measure on SV(which we call the DaC(q) measure) by µGp,q,(a1,a2,...,as)

. This model with s = 2colours was �rst de�ned by Häggström in [54] under the name `fractional fuzzyPotts model', and later studied by Kahn and Weininger [66], who showed thatfor q ≥ 1, the spin variables under µGp,q,(a1,a2)
are positively associated. Since weprefer to think of the DaC(q) model as a generalisation of the q = 1 case (i.e., ofthe original divide and colour model of [55]) rather than of the (fuzzy) Potts model,and as a member of the general family of DaC models described in Section 1.1, weemploy the terminology of [5], and call the above de�ned model the DaC(q) model.We mention that Graham and Grimmett in [47] call the model with s = 2 coloursthe 'coloured random-cluster model'.1.2.2 DaC(q) models on in�nite graphsNote that so far we de�ned all models for �nite graphs. However, the most inter-esting cases, as usual, are those when the underlying graph is the d-dimensionalhypercubic lattice Zd or the triangular lattice T (we shall de�ne these lattices inChapters 5 and 2, respectively). In this section we shall �rst show that the modelsthat we shall look at in this thesis are well-de�ned, then we give a short overviewof our results.The main issue with de�ning the DaC(q) model on an in�nite graph G = (V , E)is that the de�nition (1.1) of random-cluster measures is not suitable for in�nitegraphs. A detailed discussion of this matter is given in Chapter 5, here we will justbrie�y describe the main idea. Following [35, 56, 50], in Chapter 5 we shall de�nethe random-cluster measures for in�nite graphs in the usual DLR sense. That is,we require that certain conditional probabilities are the same as in the �nite case.For certain values of p and q there are more than one measures on {0, 1}E that arerandom-cluster measures in this sense. Since we do not see a reason why any ofthose measures should be preferred to the others, we de�ne the DaC(q) model onlyfor those values of p and q for which there is a unique random-cluster measure.This will be the case in particular if q = 1 for all p ∈ [0, 1], where the corre-sponding random-cluster measure is the product measure on {0, 1}E with density p.



1.2. THE DAC(Q) MODELS 15That is, the DaC(1) model, the topic of Chapters 2 and 3, is well-de�ned on everygraph and for all values of p. In general, on L = Zd and on L = T, for any �xed
q ≥ 1, there is a percolation phase transition at some 0 < pLc (q) < 1 in the sensethat if p < pLc (q) then with probability one (with respect to any random-clustermeasure on L with parameters p and q) all bond clusters are �nite, whereas if
p > pLc (q), then with probability one there is an in�nite bond cluster. Moreover, itis the case that for all p < pLc (q) there is a unique random-cluster measure for thelattice L with edge-weight p and cluster-weight q. Therefore the model discussedin Chapter 4, which is the DaC(2) model on the triangular lattice with p < pT

c (2),is also well-de�ned.Finally in Chapter 5 we consider the DaC(q) model with a general q ≥ 1 on Zd.In this case, there are multiple random-cluster measures for q large enough at thecritical value pZ
d

c (q), hence for such values we do not de�ne the DaC(q) model. Itis generally believed though (see, e.g., Conjecture 5.34 in [50]) that this case (i.e.,
q large, p = pZ

d

c (q)) is the only one with no uniqueness of random-cluster measureson Zd. Nonetheless, what is rigorously known [48] is that for each q ≥ 1 there areat most countably many values of p such that there are more than one random-cluster measures on Zd with edge-weight p and cluster-weight q. Therefore, we cansay that for each q ≥ 1, the DaC(q) model on Zd is well-de�ned for p ∈ [0, 1] withthe possible exception of at most countably many values of p. Having establishedfor what parameters the models we shall consider are well-de�ned, we shall nowgive a brief summary of the main results in the di�erent chapters.In Chapters 2,3, and 4, we shall study the percolation properties of certaintwo-dimensional DaC(q) models. In particular, in Chapter 2, we derive the dualityrelation rc(p) + r∗c (p) = 1 for all p < pZ
2

c (1) between the critical percolation andthe critical �∗-percolation� (i.e., percolation in the matching lattice of Z2, wherediagonal connections are also allowed) values in the DaC(1) model on the squarelattice Z2. This result is due to Russo [83] for Bernoulli site percolation, whichcorresponds to p = 0 in the DaC(1) model, our result is to extend it to all subcritical
p. Our methods work on the triangular lattice T as well, and due to the fact thatthe matching lattice of T is T itself, this gives that the critical percolation value is
1/2 for all p < pT

c (1).The results in Chapter 2 do not determine the exact value of the critical value
rc(p) for the DaC(1) model on Z2. In Chapter 3, by a modi�cation of methodsin [81], we obtain a procedure which gives a con�dence interval for rc(p) withan arbitrarily high con�dence level under the assumption that one can generaterandom variables with uniform distribution on the interval [0, 1], and apply themethod in computer simulations. The results give a clear picture of the behaviourof rc(p) as a function of p, hence we formulate a conjecture accordingly.In Chapter 4, we show that in the DaC(2) model on T, analogously to theDaC(1) model on T, the critical percolation value is 1/2 for all p < pT

c (2). Since



16 CHAPTER 1. INTRODUCTIONthe DaC(2) model can be viewed as Bernoulli site percolation on the random graph
R̄ de�ned in Section 1.1, and the measure µZ

d

p,2,(1/2,1/2) coincides with the (unique)Ising Gibbs measure for Zd at inverse temperature β = − log(1 − p), our resultmakes an explicit connection between Ising percolation and critical Bernoulli per-colation. This gives a new justi�cation of the conjecture that the high temperatureIsing model on the triangular lattice is in the same universality class as Bernoullipercolation.Finally, in Chapter 5, we prove that for all �xed q ≥ 1, the DaC(q) measure
µZ

d

p,q,(a1,a2,...,as)
on spin con�gurations is a Gibbs measure for small values of p, andis not a Gibbs measure for large p, except in the special case of q ∈ {2, 3, . . .},

a1 = a2 = . . . = as = 1/q, when the DaC(q) model coincides with the q-state Potts model. We also show that among all DaC(q) measures on Zd, only
µZ

d

p,q,(1/q,1/q,...,1/q) is Markovian. Therefore, our results demonstrate the excep-tional role of the Potts model among DaC(q) models, and in this way complementthe results in Chapter 4 that show the special role of the Ising model among theDaC(2) models on T in the percolation sense.The results presented in this thesis are based on the following research papers:Chapter 2 on [7], Chapter 3 on [6], Chapter 4 on [8], and Chapter 5 on [5]. Allthese chapters contain (mostly minor) deviations from the above mentioned papersin order to avoid unnecessary repetitions of de�nitions and lemmas. Furthermore,while each of the papers [8, 7, 6] focuses on one particular DaC model, here weshall try to mention if certain results hold in higher generality, e.g., for all DaC(q)models with q ≥ 1, or even for all DaC models as de�ned in Section 1.1.



Chapter 2A sharp phase transition2.1 The two-dimensional DaC(1) model2.1.1 Motivation, de�nition of the model and main resultsSince the introduction of two-dimensional percolation as a mathematical theoryin [21], it has been a very popular subject both in probability theory and in the-oretical physics. The best understood two-dimensional percolation model is theBernoulli (independent) case, which has a vast literature, see, e.g., [49] and thereferences therein. However, in Chapters 2,3, and 4, we will be concerned withthe study of (the value of) the critical point and the �phase diagram� of certaintwo-dimensional dependent percolation models. In particular, our main object ofinterest in Chapters 2 and 3 is the DaC(1) model on the square lattice Z2 and onthe triangular lattice T, and in Chapter 4 the DaC(2) model on T.The DaC(1) model is one of the simplest models of dependent percolation thatone can think of. Nevertheless, despite its simplicity, it has an interesting resem-blance with the Ising model and, compared to the independent case, its analysisrequires new techniques that may be useful in studying other dependent models.In order to set the notation used in Chapters 2 and 3, we recall the de�nition of thesimplest version of the DaC(1) model with only two colours, which goes as follows.Given a graph G = (V , E) with vertex set V and edge set E , assign to each edge
e ∈ E value 1 (present/open) with probability p and value 0 (absent/closed) withprobability 1 − p, independently of all other edges. Denote the resulting {0, 1}E-valued random bond con�guration by Y , and the corresponding distribution by νGp .Call bond clusters the maximal connected components of the graph obtained byremoving from G all the closed edges. Next, colour the vertices of each bond clusterblack with probability r and white with probability 1−r, independently of all otherbond clusters. We will identify white with spin 0, black with spin 1 throughout.17



18 CHAPTER 2. A SHARP PHASE TRANSITIONWe denote byX the resulting random spin con�guration, by µGp,r the correspondingdistribution on {0, 1}V and by PGp,r the joint distribution of (X,Y ), and call (spin)clusters the maximal connected (via the edge set E) white and black subsets of thevertex set V . These are for us the �real clusters�, whose percolation properties weare interested in. Indeed, we will be mainly interested in the percolation propertiesof X for �xed density p of open edges, and will consider the edge con�guration Y asan auxiliary object, needed to de�ne X . We will in fact argue later in this sectionthat our results should still be valid if the product measure νp on {0, 1}E is replacedby some other measure with analogous properties of translation-invariance andergodicity � e.g., the random-cluster measures of which Bernoulli bond percolationis a special case. Nonetheless, our arguments make substantial use of propertiesof the product measure νp, and cannot be immediately applied to models de�nedusing other measures.We �rst restrict our attention to the square lattice, with vertex set Z2 andedge set E2 given by the edges between nearest neighbour elements of Z2, and itsmatching graph Z2
∗, with vertex set Z2 and edge set E2

∗ = {〈v, w〉 : v = (v1, v2), w =
(w1, w2) ∈ Z2, max(|v1−w1|, |v2−w2|) = 1} (i.e., the previous graph with two edgesadded to each face of the graph along the two diagonals � see Figure 2.1). In order

Figure 2.1: Part of the matching graph of the square lattice.to simplify the notation, we shall henceforth omit the superscripts in the notationof the measures νZ
d

p , µZ
d

p,r, and PZ
d

p,r. We remind the reader that the measure νp onthe square lattice has a percolation phase transition at p = 1/2 [67]. We denote by
Θ(p, r) the probability that in the DaC(1) model on Z2 with parameters p and rthe origin (0, 0) of the square lattice is contained in an in�nite black cluster, and by
Θ∗(p, r) the probability that it is contained in an in�nite black ∗-cluster, where a ∗-cluster is a ∗-connected (that is, connected via E2

∗ ) set of vertices (i.e., connectionsalong the diagonals are allowed). For �xed p, we let rc(p) = sup {r : Θ(p, r) = 0}and r∗c (p) = sup {r : Θ∗(p, r) = 0}. In [55], Theorem 2.6, it is shown that rc(p) and
r∗c (p) are non-trivial. For �xed p and r, we call the model critical if (i) Θ(p, r) = 0and (ii) the mean size of the black cluster of the origin is divergent (we call thesize of a cluster C its cardinality |C|, i.e. the number of vertices in the cluster). In



2.1. THE TWO-DIMENSIONAL DAC(1) MODEL 19this context, we have the following results.Theorem 2.1.1. (Duality) For all p < 1/2, rc(p) + r∗c (p) = 1.We remark that van den Berg has recently proved [11] that an analogous relationholds for a large class of percolation models using methods di�erent from those ofthis chapter. It is an open question whether the DaC(1) model is a member ofthat class, and an a�rmative answer would give a di�erent proof of Theorem 2.1.1.However, since repeated attempts of �tting the DaC(1) models into the frameworktreated in [11] have failed, we suspect that the answer to the above question isnegative.Theorem 2.1.2. (Exponential decay) For p < 1/2 and r < rc(p), the size of theblack cluster C0 of the origin has an exponentially decaying tail, i.e., there exists aconstant c(p, r) > 0 such that
Pp,r(|C0| ≥ n) ≤ e−c(p,r)nfor all n ∈ {1, 2, . . .}.Theorem 2.1.3. (Criticality) The DaC(1) model is critical for 0 ≤ p < 1/2 and

r = rc(p), and for p = 1/2 and r ∈ (0, 1). It is not critical for 1/2 < p ≤ 1, where
Θ(p, r) > 0 for all r > 0.Theorem 2.1.1 amounts to a duality relation between black percolation andwhite ∗-percolation. Together with the other two theorems, it provides a completepicture of the phase diagram of the DaC(1) model, summarised below.Corollary 2.1.4. (Phase diagram)

• For all p < 1/2, there exists rc(p) ∈ [1/2, 1) such that we have the following.1. If r < rc(p), there exists an in�nite white ∗-cluster a.s., and the size ofthe black cluster of the origin has an exponentially decaying tail.2. If r = rc(p), Θ(p, rc(p)) = Θ∗(p, 1− rc(p)) = 0, but the mean size of theblack cluster of the origin and of the white ∗-cluster of the origin arein�nite.3. If r > rc(p), there exists an in�nite black cluster a.s., and the size ofthe white ∗-cluster of the origin has an exponentially decaying tail.
• For p = 1/2, Θ(1/2, r) = 0 for all r ∈ (0, 1), and the mean size of the blackcluster of the origin is in�nite.
• For all p > 1/2, Θ(p, r) > 0 for all r ∈ (0, 1].



20 CHAPTER 2. A SHARP PHASE TRANSITIONIt is interesting to notice that the two regions of the phase diagram where
Θ(p, r) > 0, namely (1) 0 ≤ p < 1/2 and r > rc(p), and (2) 1/2 < p ≤ 1 and
r > 0, have di�erent properties. In the �rst one, there is an in�nite black cluster(somewhere) with probability 1. This follows from the ergodicity of the measure
Pp,r with respect to translations when p < 1/2 (see Section 2.2), and the fact thatthe event that there exists an in�nite black cluster is translation-invariant, and hasstrictly positive probability. In the second region, where p > 1/2, the probabilitythat there is an in�nite black cluster is bounded away from 1 for all r < 1. Thisalso shows that when p > 1/2, r ∈ (0, 1), the measure Pp,r is not ergodic withrespect to translations (because of the presence of a unique in�nite bond cluster).Another result that follows easily from Theorem 2.1.3 is the continuity of thepercolation function Θ(p, r) as a function of r for p < 1/2.Corollary 2.1.5. For all p < 1/2, Θ(p, r) is a continuous function of r.The methods used to prove our main results above are not restricted to thesquare lattice. In particular, they can be applied to the DaC(1) model on thetriangular lattice to obtain the following theorem, where pT

c (1) = 2 sin(π/18) is thecritical density for Bernoulli bond percolation on the triangular lattice [90] (seealso [88, 89]).Theorem 2.1.6. (Critical point) In the context of the DaC(1) model on the tri-angular lattice, for all p < pT

c (1), rc(p) = 1/2.We remark that Theorem 2.1.6 looks stronger than Theorem 2.1.1 because ofthe self-duality of site percolation on the triangular lattice, with ∗-clusters being ofthe same nature as clusters, which immediately implies rc(p) = r∗c (p). The proofs ofTheorems 2.1.2 and 2.1.3 and Corollaries 2.1.4 and 2.1.5 can also be easily adaptedto the triangular lattice.2.1.2 Other modelsAs mentioned just before Theorem 2.1.6, our methods are robust in the sensethat they work, with obvious modi�cations, on di�erent lattices. Another naturalextension of our results would be to replace the product measure νp with othermeasures. In particular, we have in mind the class of random-cluster measures. Tothis end, we conjecture the following.Conjecture 2.1.7. It is the case in all DaC(q) models with q ≥ 1 and a subcritical
p that, for the analogously de�ned percolation critical values, rc(p)+r∗c (p) = 1 holdson the square lattice, and rc(p) = 1/2 on the triangular lattice. Furthermore, weconjecture that results analogous to Theorems 2.1.2 and 2.1.3 and Corollaries 2.1.4and 2.1.5 also hold.



2.1. THE TWO-DIMENSIONAL DAC(1) MODEL 21One major obstacle in proving the conjecture using the methods of this chapteris the lack of a proof of exponential decay of correlations for random-cluster mea-sures with q /∈ {1, 2}. The case q = 1 is treated in this chapter. The case q = 2is particularly interesting since for r = 1/2 it corresponds to the Ising model; weaddress this case in Chapter 4. On the triangular lattice, where self-duality holds,it is easy to see that, at least for q ≥ 1, DaC(q) models are critical, in our de�nitionof the term, at the conjectured critical point 1/2.Proposition 2.1.8. In the DaC(q) model on the triangular lattice with q ≥ 1,
p < pT

c (q), and r = 1/2, there is no in�nite cluster a.s. but the mean size of theblack cluster of the origin is in�nite.Proposition 2.1.8 implies that rc(p) ≥ 1/2 and suggests that indeed rc(p) = 1/2.It has a �universality� �avour since it suggests that self-duality alone (almost)determines the critical value rc(p) = 1/2. One should however compare this resultto Theorem 2.1.3 and its analogue for the lattice T which can be proved in thesame way, which show that when p = pc (i.e., either 1/2 on the square lattice or
2 sin(π/18) on the triangular lattice), the DaC(1) model has a critical segment,
r ∈ (0, 1), rather than a single critical point. The di�erence between the two casesis that when p < pc, the size of bond clusters has an exponentially decaying tail,while at pc, the mean bond cluster size diverges and bond clusters form circuitsaround the origin at all scales, turning the percolation of clusters e�ectively into aone-dimensional problem.2.1.3 Scaling limitsIt is natural to ask what the continuum scaling limit (when the lattice spacing issent to zero) of the DaC(1) model is on the two critical �curves� (1) p ∈ [0, pc),
r = rc(p) and (2) p = pc, r ∈ (0, 1).For the �rst critical curve, based on universality considerations, we expect thescaling limit to be the same as for critical Bernoulli site percolation, correspondingto p = 0 and r = rc(0). In particular, we expect crossing probabilities to con-verge to Cardy's formula [29] (as proved by Smirnov [85] for critical Bernoulli sitepercolation on the triangular lattice) and the set of all interfaces between blackclusters and white ∗-clusters to converge to the Continuum Nonsimple Loop pro-cess described in [25, 27]. This is in line with the general principle that short rangecorrelations, as produced by the bond clusters below pc, do not a�ect the criticalbehaviour and the scaling limit. The intuitive reasoning behind this is that DaCmodels can be viewed as Bernoulli site percolation on the random graph R̄ (de�nedin Section 1.1) which, as long as p < pc, will be �close� in some sense to the under-lying regular lattice. For a somewhat related conjecture, see the end of Section 3.3in Chapter 3. In other words, under the action of the renormalisation group, thecritical curve (1) should have a unique �xed point, namely p = 0, r = rc(0).



22 CHAPTER 2. A SHARP PHASE TRANSITIONWe expect similar considerations to hold for all DaC(q) models with q ≥ 1 (oreven in greater generality), and make the following natural conjecture, stated forsimplicity for the triangular lattice.Conjecture 2.1.9. For all q ≥ 1 and all p < pT

c (q), the (site percolation) scalinglimit of the DaC(q) model on T is the same as the scaling limit of critical Bernoulli(site) percolation on T.In the case of the second critical curve, we expect a di�erent situation, withdi�erent scaling limits for di�erent values of r. We expect, for instance, that thescaling limit of crossing probabilities will depend on r, and will not in general begiven by Cardy's formula.2.1.4 Strategy of the proof of Theorem 2.1.1The proof of our main result, Theorem 2.1.1, follows a �modern� version (usingRusso's formula) of the celebrated proof [67] by Kesten that the critical probabilityfor Bernoulli bond percolation on the square lattice is 1/2 (see also [83]). However,since we are dealing with a dependent percolation model, the proof requires variousmodi�cations, needed for instance to avoid gathering �too much information.� Also,in this modi�ed version of Kesten's strategy, and due to the dependence structureof the DaC(1) model, we cannot apply the �traditional� RSW theorem. We willinstead use a recent version of it taken from [12], which is a strengthened form ofthe RSW type theorem in [19].We now describe brie�y (and somewhat imprecisely) what one would do in thecase of Bernoulli percolation, corresponding to p = 0. Some notational remarks�rst: in this section we shall omit the subscript 0 from the notation of the measure
P0,r, and write rc and r∗c for rc(0) and r∗c (0) respectively.It follows from standard arguments that in�nite black clusters and white ∗-clusters do not coexist, i.e., 1 − r∗c ≤ rc. Therefore, the main task is to provethat this inequality is not strict. We proceed by contradiction, assuming that theopen interval (1 − r∗c , rc) is non-empty. Let V bn,3n denote the presence of a verticalblack crossing of an n× 3n rectangle and Hw∗

n,3n the presence of a horizontal white
∗-crossing of the same rectangle (precise de�nitions will be given in Section 2.2.1below). Similarly, let Hb

n,3n denote the event that there is a horizontal blackcrossing of a certain n × 3n rectangle, and V w∗
n,3n that there is a vertical white ∗-crossing of the same rectangle. Since there is a.s. no percolation of black verticesfor r ∈ (1 − r∗c , rc), it is easy to prove that lim supn→∞ Pr(V

b
n,3n) < 1. But then,by the simple but crucial observation that no matter how one chooses to colourthe vertices inside the n × 3n rectangle there is always either a vertical blackcrossing or a horizontal white ∗-crossing, we have lim infn→∞ Pr(H

w∗
n,3n) > 0 forall r ∈ (1 − r∗c , rc). This implies that there is a uniform positive probability tohave a horizontal white ∗-crossing in the lower half of an n × 8n rectangle for all
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n large enough. (We note that Kesten used squares in his proof. In our case,due to the dependence structure, it will be more convenient to use rectangles. Toavoid confusion and prepare the reader for what will come, we employ the samerectangles here.)Consider the lowest such crossing π1, and look for a black path in the left halfof the same n × 8n rectangle from the top of the rectangle to π1. Since there isno white ∗-percolation for r ∈ (1 − r∗c , rc), with the help of the RSW theorem,one can show that a black path from the top of the rectangle to π1 exists withprobability bounded away from zero. Consider the leftmost such path π2. Due tothe properties of lowest crossings, the presence of such a black path implies thepresence of a white vertex x on π1 which is pivotal for the event Hw∗

n,8n.Next, center at x a sequence of nested annuli intersecting the n× 8n rectangle.Inside the portion of each annulus intersecting the rectangle and lying above π1 andto the right of π2, look for a black path joining π2 with π1. Once again, the existenceof such paths with uniform positive probability is assured by the RSW theorem.Every such path gives another white vertex on π1 which is pivotal for Hw∗
n,8n. Inthis way, choosing the annuli appropriately, one can �nd many pivotal verticeswith high probability. Using Russo's formula it is then possible to conclude that

Pr(H
w∗
n,8n) has a very large (negative) derivative for all r ∈ (1− r∗c , rc), obtaining acontradiction.The argument above relies on properties of lowest and leftmost crossings, and inparticular uses the fact that a lowest (respectively, leftmost) crossing can be foundwithout exploring the area above (resp., to the right of) the crossing itself. In thecase of Bernoulli percolation, this implies that the con�guration above the lowestcrossing can be coupled to an independent con�guration, and the probability to�nd a black crossing in the left half of the rectangle can be bounded below usingthe RSW theorem. The same type of argument applies to the portions of annulito the right of π2 and above π1, where the con�gurations can again be coupled toindependent con�gurations, and the probabilities of �nding the appropriate pathsare bounded below once again using the RSW theorem.In our case, similar arguments can be used, but the dependence in the modelmakes them signi�cantly more complex. Moreover, as remarked above, the �tra-ditional� RSW theorem cannot be used, and we have to resort to a more recentversion [12] which is weaker but more general and, as it turns out, still su�cientlystrong for our purposes.To deal with the dependence structure of the model, in some situations wewill �fatten� certain collections of vertices (e.g., vertices forming a crossing) byadding to them their bond clusters. This procedure identi�es closed �barriers� ofedges with the property that colour con�gurations on di�erent sides of a barrierare conditionally independent (conditioned on the barrier being closed).We will also use algorithmic constructions carefully designed to explore certaindomains looking for monochromatic crossings without obtaining too much infor-



24 CHAPTER 2. A SHARP PHASE TRANSITIONmation. This will allow us to couple in a useful way the DaC(1) measure Pp,rconditioned on some speci�c σ-algebras corresponding to the information obtainedwhile looking for crossings with an unconditional version.2.1.5 Outline of Chapter 2In Section 2.2, we present the de�nitions and introduce notation. Then we collectthe tools which are needed to prove the main results. These include known resultssuch as the exponential decay property of subcritical Bernoulli bond percolation,positive association for the measure Pp,r, and the modern RSW theorem from[12]. Then we give the natural analogue of Russo's formula for the DaC(1) model(Theorem 2.2.8), and �nally state that percolation occurs with positive probabilityif and only if certain rectangles can be crossed with high probability (Lemma2.2.12).Section 2.3 contains the proof of Theorem 2.1.1. In Section 2.4, we proveTheorem 2.1.3 and Corollaries 2.1.4 and 2.1.5. Finally, in Section 2.5, we proveour results for the triangular lattice.2.2 Preliminaries2.2.1 Basic de�nitions and notationIn this section we give de�nitions for a lattice L = (VL, EL), where L will be eitherthe square lattice Z2 (with vertex set Z2, edge set E2, edges going between verticesat Euclidean distance 1) or the triangular lattice (see below). In order to de�ne acoordinate system in the triangular lattice T, we embed T in R2 as in Figure 2.2, sothat its set of vertices VT consists of the intersections of the lines y = −
√

3x+
√

3kand y =
√

3`/2 for k, ` ∈ Z, and denote the elements of VT by (k, `). We call twovertices in VT adjacent if their Euclidean distance is 1, and de�ne the edge set ETby ET = {〈v, w〉 : v and w are adjacent}.The state space of our con�gurations is denoted by ΩL = ΩL
C × ΩL

D, where
ΩL
C = {0, 1}VL is the set of spin con�gurations, and ΩL

D = {0, 1}EL is the set ofbond con�gurations. The probability measure PL
p,r is the measure (on the usual

σ-algebra on ΩL) obtained by the procedure described in Section 2.1.1; we denotethe expectation with respect to PL
p,r by EL

p,r. Henceforth we shall always drop thesuperscripts unless we want to emphasise the lattice.We introduce the set Ω̃ ⊂ Ω as the set of con�gurations such that vertices inthe same bond cluster have the same spin, and we equip Ω̃ with a relation �≥�(which corresponds to a partial order on ΩC , hence the notation) as follows. For
ω1 = (σ1, η1), ω2 = (σ2, η2) ∈ Ω̃ we say that ω1 ≥ ω2 if σ1(x) ≥ σ2(x) holds forevery x ∈ VL. Note that ω1 ≥ ω2 depends on the spins only, and not on the edges.
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(0,0) (2,0)

(2,3)(0,3)

Figure 2.2: Portion of the triangular lattice T. The heavy segments are the sidesof the parallelogram S2,3 = [0, 2]× [0, 3].Henceforth all the con�gurations are implicitly assumed to be in Ω̃. We call anevent A ⊂ Ω̃ increasing if ω ∈ A and ω′ ≥ ω implies that ω′ ∈ A. A is a decreasingevent if Ac = Ω̃ \A is increasing.We call a sequence x0, x1, . . . , xn of vertices in L a (self-avoiding) path if forall i ∈ {0, 1, . . . , n− 1}, the vertices xi and xi+1 are adjacent, and we have for any
0 ≤ i < j ≤ n that xi 6= xj . For L = Z2, we also de�ne a ∗-path in the sameway, except that for i ∈ {0, 1, . . . , n − 1}, xi and xi+1 need to be just ∗-adjacentinstead of adjacent, which means that their Euclidean distance is 1 or √

2. The
∗-objects are the counterparts of the original object in the matching lattice of L,which in case of L = T is T itself, hence we will not need to de�ne ∗-objects in thatcase. A (∗-)circuit is de�ned in the same way as a (∗-)path except that xn = x0.A horizontal crossing of a rectangle R = [a, b] × [c, d] with a, b, c, d ∈ Z (whichis actually a parallelogram in R2 if L = T), is a path x0, x1, . . . , xn such that
x0 ∈ {a} × [c, d], xn ∈ {b} × [c, d] and for all i, xi ∈ R. A vertical crossing of thesame rectangle is a path x0, x1, . . . , xn such that x0 ∈ [a, b]× {d}, xn ∈ [a, b]×{c}and for all i, xi ∈ R. Horizontal ∗-crossings and vertical ∗-crossings (for L = Z2)are de�ned by replacing paths by ∗-paths in the above de�nitions.In a con�guration (σ, η) ∈ Ω̃, a black path is a path x0, x1, . . . , xn such thatfor all i ∈ {0, 1, . . . , n}, we have that σ(xi) = 1. A black cluster is a maximalsubset K of VL such that between any two vertices of K there exists a black path.Black and white (∗)-paths, (∗)-circuits, (∗)-crossings, and (∗)-clusters are de�nedanalogously. Let Sn,m denote the rectangle [0, n]×[0,m], with n,m ∈ {1, 2, . . .} (for



26 CHAPTER 2. A SHARP PHASE TRANSITIONthe case L = T, n = 2,m = 3, see Figure 2.2). Denote by V bn,m the event that thereis a vertical black crossing in Sn,m; let Hb
n,m be the corresponding event with ahorizontal black crossing. Furthermore, let Bbn denote the event that there is a blackcircuit surrounding the midpoint in the annulus An = S3n,3n\(Sn,n + (n, n)). Hereand later, for a set S and a vector v, we use the notation S + v = {x : x− v ∈ S}.The analogous events with white crossings are denoted by V wn,m, Hw

n,m, and Bwn ,respectively. A `∗' in the notation will indicate that we are referring to ∗-crossingsand ∗-circuits � for example, V w∗
n,m denotes the event that there is a vertical white

∗-crossing in Sn,m.Let d denote the graph distance on L. We de�ne the distance between two sets
V andW by d(V,W ) = {min(d(v, w)) : v ∈ V,w ∈W}. Let B(v, n) denote the discof radius n with center at vertex v in the metric d, i.e., B(v, n) = {w : d(v, w) ≤ n}.For a vertex set A ⊂ VL, we denote by δA the internal vertex boundary of A, thatis, we de�ne δA = {v ∈ A : ∃w ∈ VL \ A such that d(v, w) = 1}. For a vertex
v ∈ VT, let Cbond

v be the bond cluster of v, i.e., the set of vertices that can bereached from v by going through open edges only. Let us de�ne the dependencerange of a vertex v by D(v) = max{n ∈ {0, 1, . . .} : Cbond
v ∩ δB(v, n) 6= ∅}.We call an edge set E = {e1, e2, . . . , ek} a barrier if removing e1, e2, . . . , ek (butnot their end-vertices) separates the graph L into two or more disjoint connectedsubgraphs. Note that exactly one of the resulting subgraphs is in�nite, whichwe call the exterior of E, and denote by ext(E). We call the union of the �nitesubgraphs the interior of E, and denote it by int(E). With an abuse of notation,we shall write int(E) and ext(E) also for the vertex sets of int(E) and ext(E)whenever it does not cause confusion. The edge set E = {e1, e2, . . . , ek} is a closedbarrier in a con�guration (σ, η) ∈ Ω̃ if E is a barrier and η(ei) = 0 holds for all

i ∈ {0, 1, . . . , k}. For a vertex set A ⊂ VL, let ∆A denote the edge boundary of A,that is, ∆A = {〈x, y〉 ∈ EL : x ∈ A, y ∈ VL \ A}. Note that for any subcritical pand r ∈ [0, 1], it is Pp,r-a.s. true that the edge boundary of each bond cluster is aclosed barrier.2.2.2 Preliminary resultsIn this subsection we collect several results that are mostly known, follow directlyfrom known results, or can be proved using variations of classical arguments. Theexception is Lemma 2.2.4, which is new and very important in the forthcomingconstruction. From now on, we shall state all results for L = Z2, but remark thateach result has an appropriate counterpart for L = T � for more about that case,see Section 2.5.Theorem 2.2.1. ([74],[1]) For p < 1/2, there exists ψ(p) > 0 such that for all nwe have that
νp(D(0) ≥ n) < e−nψ(p).



2.2. PRELIMINARIES 27A short and simple proof of the following classical result is given in Section 4.2of [18].Lemma 2.2.2. The restriction to a rectangle R of any colour con�guration ξ ∈ ΩCcontains either a black vertical crossing or a white horizontal ∗-crossing of R, butnever both. In particular, for any n,m we have
V bn,m =

(

Hw∗
n,m

)c
.The proof of the next result, which shows positive association for the DaC(1)model, was obtained by Häggström and Schramm and included in [55].Theorem 2.2.3. ([55]) Let A,B be increasing events. Then, for any p, r ∈ [0, 1],

Pp,r(A ∩B) ≥ Pp,r(A)Pp,r(B).We shall also need a result which makes precise (and generalises) the observationthat an edge between two vertices of the same colour is more likely to be open thanan edge between vertices whose colours are unknown. Let us consider the followingscenario for Lemma 2.2.4 below: let B1, B2, . . . , Bk be barriers, and de�ne thevertex sets U =
⋃k
i=1 int(Bi) and V =

⋂k
i=1 ext(Bi). Denote by EU (respectively

EV ) the set of edges with both endvertices in U (resp. V ). Now let e1, e2, . . . , e` ∈
EU be edges, u1, u2, . . . , um ∈ U and v1, v2, . . . , vn ∈ V vertices (where `,m, n ∈
{0, 1, 2, . . .}). Fix states si ∈ {0, 1} for i ∈ {1, 2, . . . , `} and colours cj ∈ {0, 1}for j ∈ {1, 2, . . . ,m} in such a way that if si = 1 and ei = 〈uj1 , uj2〉 for some
i ∈ {1, 2, . . . , `} and j1, j2 ∈ {1, 2, . . . ,m}, then cj1 = cj2 , and �x an additionalcolour κ ∈ {0, 1}. Let H denote the event that B1, B2, . . . , Bk are all closed, eihave state i for all i ∈ {1, 2, . . . , `}, uj have colour cj for all j ∈ {1, 2, . . . ,m}, and
v1, v2, . . . , vn all have colour κ.Lemma 2.2.4. The conditional distribution of the edges in EV , conditioned onthe event H described above, stochastically dominates the measure νp.A direct proof of this statement can be found in [7] on which this chapter isbased. We will not give the proof here though since in Section 4.4 we shall prove amore general statement, see Lemma 4.4.1 and the discussion preceding the lemma.In the proof of Theorem 2.1.1 we will use an RSW type theorem that wasrecently obtained by van den Berg, Brouwer and Vágvölgyi [12]. This is a strongerversion of the RSW type theorem used by Bollobás and Riordan in [19]. Theseresults are weaker than the classical RSW theorem, but more general, and can beapplied to models for which the classical RSW theorem has not been proved. Weremark that in our proof of rc(p)+r∗c (p) ≤ 1 in Section 2.3 we seem to need the fullstrength of the result in [12] as the weaker form proved by Bollobás and Riordandoes not seem to su�ce for our purposes. Stated for the DaC(1) model, the resultreads as follows.



28 CHAPTER 2. A SHARP PHASE TRANSITIONLemma 2.2.5. For any p < 1/2, r ∈ [0, 1], we have(a) If lim sup
n→∞

Pp,r(V
b
n,ρn) > 0 for some ρ > 0,then lim sup

n→∞
Pp,r(V

b
n,ρn) > 0 for all ρ > 0;(b) If lim sup

n→∞
Pp,r(V

w∗
n,ρn) > 0 for some ρ > 0,then lim sup

n→∞
Pp,r(V

w∗
n,ρn) > 0 for all ρ > 0.Proof. First we prove (a). Following [12], Section 4.3, and [18], Section 5.1, itsu�ces to check conditions (1)�(5) below. For a set R and λ 6= 0, we write λR for

{x : x/λ ∈ R}. We consider the following �ve conditions.(1) For any rectangle R, if h and v are a horizontal and a vertical crossing of R,respectively, then d(h, v) ≤ 1.(2) Increasing events are positively correlated.(3) The model has the symmetries of Z2, i.e., is invariant under translations bythe vectors (1, 0) and (0, 1), re�ections through the coordinate axes of Z2,and rotations of 90 degrees.(4) Disjoint regions are asymptotically independent as we �zoom out� (the preciseformulation of this condition will be given in Lemma 2.2.6).(5) For any �xed rectangle R there is a constant C such that the length of ahorizontal crossing of λR is bounded from above by λC if λ is large enough.Condition (1) clearly holds here, since horizontal and vertical black crossings ofthe same rectangle have at least one vertex in common. Condition (2) is given byTheorem 2.2.3. Condition (3) can be checked easily. For condition (4), see Lemma2.2.6 below. Condition (5) obviously holds, since the model is discrete.For the proof of (b), the same conditions need to be checked with ∗-crossingsinstead of crossings in (1) and (5), and increasing events replaced by decreasingevents in (2). The new �rst condition still holds, since although a horizontal ∗-crossing and a vertical ∗-crossing of the same rectangle do not necessarily havea vertex in common, they are at distance at most 1 from each other. The newsecond condition, namely that decreasing events are positively correlated, is aneasy consequence of Theorem 2.2.3, since the complement of a decreasing event isan increasing event. 2The next lemma immediately implies weak mixing and ergodicity for the DaC(1)model when p < 1/2.



2.2. PRELIMINARIES 29Lemma 2.2.6. Let p < 1/2, r ∈ [0, 1]. Then for disjoint rectangles R1 and R2,for any ε > 0 there exists λ0 > 0 such that for all λ > λ0, for any events A1, A2de�ned in terms of the colouring of vertices in λR1 and λR2 respectively, we have
|Pp,r(A1 ∩A2) − Pp,r(A1)Pp,r(A2)| ≤ ε.Proof. Fix p < 1/2, and let R1 and R2 be rectangles at distance k > 0. Takearbitrary events A1, A2 de�ned in terms of the colours of vertices in R1 and R2respectively. LetK = KR1,R2 be the event that R1 and R2 are separated by a closedbarrier in the bond con�guration. Given K, then the colours of the vertices in R1and R2 are conditionally independent. Therefore, A1 and A2 are conditionallyindependent, conditioned on K. The law of total probability combined with theprevious observation gives

Pp,r(A1 ∩A2) = Pp,r(A1|K)Pp,r(A2|K)νp(K) + Pp,r(A1 ∩A2|Kc)νp(K
c). (2.1)Since for i ∈ {1, 2} we have that

Pp,r(Ai) = Pp,r(Ai|K)νp(K) + Pp,r(Ai|Kc)νp(K
c), (2.2)by substituting the right hand sides of equations (2.1) and (2.2), using the triangleinequality, we obtain

|Pp,r(A1 ∩A2) − Pp,r(A1)Pp,r(A2)|

≤ |Pp,r(A1|K)Pp,r(A2|K)||νp(K) − νp(K)2| + |νp(Kc)||Q|,where |Q| ≤ 4 since Q is the sum of four products of probabilities.We also need to notice that if none of the vertices in R1 ∪R2 has a dependencerange of at least (say) k/3 in the initial random bond con�guration Y, then Koccurs. Therefore,
νp(K

c) ≤ νp

(

⋃

v∈R1∪R2

{D(v) ≥ k/3}
)

≤ (|R1| + |R2|)νp(D(0) ≥ k/3)

≤ (|R1| + |R2|)e−ψ(p)k/3,according to Theorem 2.2.1.It immediately follows that for the probability of the event L = KλR1,λR2 , wehave that νp(Lc) ≤ (|R1|+|R2|)λ2e−ψ(p)λk/3 → 0 as λ→ ∞. Fix ε > 0, and choose
λ0 so large that for λ > λ0, we have νp(Lc) < ε/8. Take arbitrary events A1 and
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A2, de�ned in terms of the colours of vertices in λR1 and λR2, respectively. Since
νp(L) ≥ 1 − ε/8 implies that |νp(L) − νp(L)2| ≤ ε/4, we obtain that

|Pp,r(A1 ∩A2) − Pp,r(A1)Pp,r(A2)|
≤ |Pp,r(A1|L)Pp,r(A2|L)| · |νp(L) − νp(L)2| + |νp(Lc)| · 4
< ε,proving the lemma. 2Corollary 2.2.7. For p < 1/2, the measure Pp,r is weakly mixing and thereforeergodic with respect to translations.We also need a version of Russo's formula [83] (see also [49]). Let A be anevent, and let ω = (ξ, η) be a con�guration in Ω̃. Let C be a bond cluster in η.We call C pivotal for the pair (A,ω) if IA(ω) 6= IA(ω′) where IA is the indicatorfunction of A, ω′ = (ξ′, η), and ξ′ agrees with ξ everywhere except that the colourof the vertices in C is di�erent.Theorem 2.2.8. Let W be a set of vertices with |W | < ∞, and let A be anincreasing event that depends only on the colours of vertices in W . Then we have,for any p ∈ [0, 1], that

d

dr
Pp,r(A) = Ep,r(n(A)),where n(A) is the number of bond clusters which are pivotal for A.Proof sketch. Let us denote the (random) partitioning of W determined by thebond percolation (where a, b ∈ W are in the same subset if and only if Cbond

a =
Cbond
b ) by GW , and the (�nite) set of partitions of W that are compatible with atleast one bond con�guration by PW . One can follow the proof of Russo's formulain e.g. [41] to obtain for any gW ∈ PW that

d

dr
Pp,r(A|GW = gW ) = Ep,r (n(A)|GW = gW ) .Since

d

dr
Pp,r(A) =

d

dr

∑

gW ∈PW

Pp,r(A|GW = gW )νp(GW = gW )and the sum is �nite, the sum and the derivative can be interchanged, giving that
d

dr
Pp,r(A) =

∑

gW ∈PW

νp(GW = gW )
d

dr
Pp,r(A|GW = gW )

=
∑

gW ∈PW

νp(GW = gW )Ep,r(n(A)|GW = gW )

= Ep,r(n(A)). 2



2.2. PRELIMINARIES 31Remark 2.2.9. The proof of Theorem 2.2.8 does not use the fact that the dividingdistribution is the product measure νp. Therefore, Russo's formula holds for allDaC models as de�ned in Section 1.1.Corollary 2.2.10. If A is a decreasing event depending on colours of vertices ina �nite set W ⊂ Z2, then we have, for all p ∈ [0, 1], that
d

dr
Pp,r(A) = −Ep,r(n(A)).The next lemma gives a �nite size criterion for percolation (see [83], Lemma 2).Lemma 2.2.11. There exists a constant ε > 0 which satis�es the following prop-erty. If there exists N ∈ {1, 2, . . .} such that

(N + 1)(3N + 1)νp(D(0) ≥ N/3) ≤ ε (2.3)and
Pp,r(V

b
N,3N ) > 1 − ε,then Θ(p, r) > 0. If there exists N ∈ {1, 2, . . .} such that (2.3) holds and

Pp,r(V
w∗
N,3N ) > 1 − ε,then Θ∗(p, 1 − r) > 0.We do not give the proof of this lemma here as it uses the same coupling argu-ment with a 1-dependent bond percolation model on Z2 as the proof of Propositions3.2.3 and 3.2.4. Using Theorem 2.2.1, Lemma 2.2.11, and standard arguments, weobtain the following lemma, which relates the occurrence of percolation to theprobability of crossing large rectangles.Lemma 2.2.12. For p < 1/2, we have(a) lim sup

n→∞
Pp,r(V

b
n,3n) = 1 if and only if Θ(p, r) > 0.(b) lim sup

n→∞
Pp,r(V

w∗
n,3n) = 1 if and only if Θ∗(p, 1 − r) > 0.Remark 2.2.13. Although we will only need the statement of Lemma 2.2.12 forthe proofs in this chapter, we mention that it is not very di�cult to show that

lim sup in Lemma 2.2.12 could be replaced by lim inf and therefore by lim as well.In order to state the �nal result in this section, taken from [42], we need thefollowing notation. Let µ be a probability measure on colour con�gurations wherethe vertices of Z2 are each declared black or white. Let us denote the event thatthe origin is in an in�nite black cluster by {0 ↔ ∞}.



32 CHAPTER 2. A SHARP PHASE TRANSITIONTheorem 2.2.14. ([42]) Assume that(1) µ is invariant under horizontal and vertical translations and axis re�ections.(2) µ is ergodic (separately) under horizontal and vertical translations.(3) For any increasing events E and F ,
µ(E ∩ F ) ≥ µ(E)µ(F ).(4) 0 < µ({0 ↔ ∞}) < 1.If assumptions (1)-(4) hold, then for the number N of in�nite black clusters, wehave that
µ(N = 1) = 1.Moreover, any �nite set of vertices is surrounded by a black circuit with probability1 and, equivalently, all white ∗-clusters are �nite with probability 1.2.3 Proof of Theorem 2.1.1In this section, we shall prove that for any p < 1/2 we have rc(p)+ r∗c (p) = 1. Thiscan be split in two parts. The �rst part is an easy consequence of Theorem 2.2.14.Theorem 2.3.1. For p < 1/2, we have rc(p) + r∗c (p) ≥ 1.Proof. We apply Theorem 2.2.14. Let us �x p < 1/2, and assume that rc(p) +

r∗c (p) < 1. Then, we may choose some r ∈ (rc(p), 1 − r∗c (p)). Since r > rc(p),we have Θ(p, r) > 0. On the other hand, it is clear that Θ(p, r) ≤ r. This gives
0 < Θ(p, r) < 1, i.e., (4) for the measure Pp,r. Condition (3) is provided byTheorem 2.2.3, (2) by Corollary 2.2.7, and (1) clearly holds for Pp,r. Therefore,all white ∗-clusters are �nite with probability 1. However, this cannot be the casesince r < 1 − r∗c (p). 2To prove the di�cult direction, rc(p) + r∗c (p) ≤ 1, we shall use ideas describedin [83], some of which are based on Kesten's proof of pc = 1/2 for Bernoulli bondpercolation on Z2 (see [67]). However, here the proof is considerably more di�cultdue to the dependence structure of the DaC(1) model. Some di�culties are of ageometrical nature, others arise from the fact that we have to use an RSW typetheorem which is weaker than the RSW theorem available for Bernoulli percolation,and used by Kesten [67] in his celebrated proof.Theorem 2.3.2. For any p < 1/2, rc(p) + r∗c (p) ≤ 1.



2.3. PROOF OF THEOREM 2.1.1 33Proof. We shall prove this theorem by contradiction. Assume that for some
p < 1/2, rc(p) + r∗c (p) > 1, and �x such a p. Most of the time in the rest of theproof, this p will not appear in our notation. By the assumption above, we canchoose 1 − r∗c < r1 < r2 < rc. Since for all r ∈ (1 − r∗c , rc), Θ(p, r) = 0 and
Θ∗(p, 1 − r) = 0, we have by Lemma 2.2.12 that

lim sup
n→∞

Pr2(V
b
n,3n) < 1,and

lim sup
n→∞

Pr1(V
w∗
n,3n) < 1.Applying Lemma 2.2.2, we obtain from these inequalities that

lim inf
n→∞

Pr2(H
w∗
n,3n) > 0, (2.4)and

lim inf
n→∞

Pr1(H
b
n,3n) > 0. (2.5)Inequality (2.4) implies that there exists γ > 0 and an integer N0 such thatfor all n > N0, we have Pr2(H

w∗
n,3n) ≥ γ. Since Hw∗

n,3n is a decreasing event, bymonotonicity this inequality holds in the whole interval: for all r ∈ [r1, r2] and all
n > N0, we have that

Pr
(

Hw∗
n,3n

)

≥ γ. (2.6)Since the measure Pr1 is invariant under 90 degree rotations, Theorem 2.2.5and inequality (2.5) imply that
lim sup
n→∞

Pr1(V
b
n,3n) > 0, (2.7)which implies that there exists α > 0 and a sequence of side lengths nk → ∞ as

k → ∞ such that for every k,
Pr1(V

b
nk,3nk

) ≥ α. (2.8)For later purposes we remark that positive association of Pr1 (Theorem 2.2.3)and a standard crossing-pasting argument imply that for each k we have, for all
i ∈ {1, 2, . . .}, that

Pr1(V
b
nk,(2i+1)nk

) ≥ α2i−1. (2.9)Indeed, consider rectangles [0, nk] × [2jnk, (2j + 3)nk] for j ∈ {0, 1, . . . , i− 1} andsquares [0, nk]× [2`nk, (2`+1)nk] for ` ∈ {1, 2, . . . i− 1}. If there are black verticalcrossings in these i rectangles of size nk × 3nk and black horizontal crossings inthe i − 1 squares of size nk × nk, then there is a black vertical crossing in the
nk× (2i+1)nk rectangle since horizontal and vertical crossings of the same square



34 CHAPTER 2. A SHARP PHASE TRANSITIONmeet. Using Theorem 2.2.3 and the fact that the probability of a horizontal blackcrossing in a square is bounded below by the probability of a vertical crossing inan nk × 3nk rectangle, we obtain (2.9).Let us now �x an integer L with the property that if we consider L Bernoulli(i.e. independent) trials, each with success probability α4/2, then the probabilitythat there are at least 32/
[

(r2 − r1)γα
63
]

+ 1 successes is at least 1/2.Next, we choose an element m1 of the sequence {nk} (for which (2.8) holds) solarge that it satis�es
(8m2

1 + 8m1)e
−ψ(p)m1/100 ≤ min

(

α4/(2L), α63/
[

4(α63 + 1)
]) (2.10)and

m1 > 600/ψ(p), (2.11)where ψ(p) is the constant corresponding to our �xed p in Theorem 2.2.1. Thentake other elements m2,m3, . . . ,mL in the sequence {nk} satisfying
mi+1 > 151mi/49 (2.12)for i ∈ {1, 2, . . . , L− 1}. Finally, using the constant N0 from (2.6), we set N = 8njfor some j such that

N > max (N0, 9mL/2). (2.13)As N > N0, for all r ∈ [r1, r2], we have
Pr
(

Hw∗
N,3N

)

≥ γ. (2.14)Now recall that Bbn denotes the event that there is a black circuit in the annu-lus An = S3n,3n \ (Sn,n + (n, n)) surrounding the midpoint. Since An can be splitinto four overlapping rectangles, each with sides of length n and 3n, a standardargument, based on pasting crossings and the positive association of Pr1 (Theo-rem 2.2.3) implies that, for i ∈ {1, 2, . . . , L},
Pr1(B

b
mi

) ≥
(

Pr1(V
b
mi,3mi

)
)4
.Since m1,m2, . . . ,mL, and N/8 are elements of the sequence {nk}, we get by(2.8) and (2.9) that Pr1(V

b
mi,3mi

) ≥ α and Pr1(V
b
N/8,8N ) ≥ Pr1(V

b
N/8,65N/8) ≥ α63.By monotonicity these inequalities hold in the whole interval [r1, r2]. Hence, forall r ∈ [r1, r2] and i ∈ {1, 2, . . . , L}, we obtain

Pr(B
b
mi

) ≥ α4, (2.15)and
Pr(V

b
N/8,8N ) ≥ α63. (2.16)



2.3. PROOF OF THEOREM 2.1.1 35We have now made all the preparation needed for the essential part of theproof. In the second part, we shall show that there are uniformly many pivotalbond clusters for the event Hw∗
N,8N in expectation in the interval r ∈ [r1, r2]. Moreprecisely, we will show that for all r ∈ [r1, r2], we have

Er
(

n
(

Hw∗
N,8N

))

> 1/(r2 − r1), (2.17)where n (Hw∗
N,8N

) denotes the number of bond clusters that are pivotal for the event
Hw∗
N,8N .Before giving the proof, let us explain how this statement leads to a contradic-tion. By putting Corollary 2.2.10 and (2.17) together, we obtain

max
r∈[r1,r2]

d

dr
Pr(H

w∗
N,8N) < −1/(r2 − r1).However, this cannot be the case since it would imply

Pr2
(

Hw∗
N,8N

)

≤ Pr1
(

Hw∗
N,8N

)

+ (r2 − r1) max
r∈[r1,r2]

d

dr
Pr(H

w∗
N,8N)

< Pr1
(

Hw∗
N,8N

)

− 1,which is clearly impossible.Note that it was the assumption that the interval (1− r∗c , rc) is non-empty thatenabled us to choose a sub-interval [r1, r2] of positive length where the derivativeof Pr(H
w∗
N,8N) is uniformly bounded away from 0 by −1/(r2 − r1). Since this leadsto a contradiction, we conclude that rc ≤ 1 − r∗c , as stated in Theorem 2.3.2. Itremains to prove (2.17).Proof of inequality (2.17). It will be convenient to introduce the followingnotation to denote certain parts of the rectangle S = SN,8N . We will denoteby t(S) = [0, N ] × {8N} the top of S, by b(S) = [0, N ] × {0} its bottom, by

l(S) = {0}×[0, 8N ] its left side, by r(S) = {N}×[0, 8N ] its right side, by UH(S) =
[0, N ]× [4N + 1, 8N ] its upper half, and by LH(S) = [0, N/2]× [0, 8N ] its left half.We shall now present a construction of black and white paths in S which guar-antees the existence of many pivotal bond clusters, and which succeeds with a highenough probability to provide the desired lower bound for Er

(

n
(

Hw
N,8N

)). Theconstruction consists of three parts. In the �rst part, we show that with probabilitybounded away from 0, there is a horizontal white ∗-crossing in the lowest part of S.Part 1. We start looking for the lowest white horizontal ∗-crossing of S. It is well-known that the lowest such ∗-crossing can be found (when it exists) by checkingonly the colours of vertices in S below the ∗-crossing and on it. (The meaning ofexpressions such as �below, above, to the right of� can be made precise e.g. via theJordan curve theorem.)



36 CHAPTER 2. A SHARP PHASE TRANSITIONRecall that by (2.14), the probability of the event Hw∗
N,3N is uniformly boundedbelow by γ. Suppose that Hw∗

N,3N occurs. Denote the lowest horizontal white ∗-crossing in SN,3N by Πw∗
h . We shall later use the fact that Πw∗

h is also the lowesthorizontal white ∗-crossing in S. So far we have checked sites only below or on
Πw∗
h , but not above it. However, since the model is dependent, we do have someinformation above Πw∗

h ; for example that the bond clusters of the vertices in Πw∗
hare white. Therefore, let us consider the thickened ∗-crossing

Γw∗
h =

⋃

x∈Πw∗
h

Cbond
x .We denote the portion of S above Γw∗

h by A(Γw∗
h ). We also need to de�ne thefollowing sets (see Figure 2.3 below):

Ri = ([(i− 1)N/8, iN/8]× [0, 8N ]) ∩A(Γw∗
h ) for i ∈ {1, 2, 3, 4},

R5 = ([4N/8, 7N/8]× [0, 8N ]) ∩A(Γw∗
h ),

R6 = ([7N/8, N ]× [0, 8N ]) ∩A(Γw∗
h ),

CL1 =
⋃

x∈S\A(Γw∗
h )

Cbond
x .

R3

Πw∗

h

Γw∗

h

CL1

R1 R6R5R4R2

SN,3N

Figure 2.3: Middle part of the rectangle S. The upper side of SN,3N is indicatedby a dotted segment. The lower dashed line represents the lowest horizontal white
∗-crossing Πw∗

h of SN,3N . The upper dashed line represents the upper boundary ofthe thickened ∗-crossing Γw∗
h . The dotted lines at the left and right side of S formpart of the boundary of CL1 .We know that the edges in the edge boundary ∆1 = ∆CL1 are closed in theunderlying Bernoulli percolation, hence ∆1 forms a closed barrier. Note that thisbarrier is obtained without checking the states of edges or colours of vertices in

ext(∆1).



2.3. PROOF OF THEOREM 2.1.1 37We claim now that the events {Γw∗
h ∩ UH(S) = ∅} and {CL1 ∩ Ri = ∅} for

i ∈ {2, 3, 4, 5} occur with high probability (to be speci�ed later). Indeed, if allthe vertices in SN,3N have a dependence range smaller than N , then the �rst eventoccurs. The only way that any of the latter events could not occur is that there is avertex below Γw∗
h whose bond cluster extends above Γw∗

h so much that it intersectsone of the rectangles R2, R3, R4, R5. For this to happen, there has to be a vertexin SN,3N with a dependence range of at least N/8. Hence, using crude estimations,we give an upper bound for the probability that at least one of the above eventsdoes not occur, as follows:
νp





⋃

x∈SN,3N

{D (x) ≥ N/8}



 ≤ νp





⋃

x∈SN,3N

{D (x) ≥ N/100}





≤
∑

x∈SN,3N

νp (D (x) ≥ N/100)

≤ (N + 1)(3N + 1)νp (D (0) ≥ N/100)

≤ (8N2 + 8N)e−ψ(p)N/100

≤ (8m2
1 + 8m1)e

−ψ(p)m1/100

≤ α4/(2L),by the choice of m1 (see (2.10)). We have also used Theorem 2.2.1 and the mono-tonicity of f(x) = (8x2 + 8x)e−ψ(p)x/100 for x > 600/ψ(p) (this is justi�ed becauseof (2.11)). Therefore, with probability at least 1 − α4/(2L), we have no informa-tion about the bond con�guration or the colour of the vertices in R2, R3, R4, R5,so their union provides an unexplored region in A(Γw∗
h ), which contains UH(S).We now condition on the event E1 = {Γw∗

h ∩UH(S) = ∅}∩⋂5
i=2{CL1 ∩Ri = ∅}for i ∈ {2, 3, 4, 5}, and continue with the second part of our construction.Part 2. In this part, our task is to �nd the leftmost vertical black path in R2 ∪

R3 ∪R4 from t(S) to Γw∗
h . Here and later, if W is a set of white vertices, then by�a black path to W � we mean a black path to some vertex at distance 1 from W .Let us consider the event E2 = {there is a black path from t(S) to Γw∗

h that doesnot leave R2 ∪R3 ∪R4}. Let us denote the conditional measure Pr(· | E1) by P
(c)
r .We shall �rst show that for all r ∈ [r1, r2], we have

P(c)
r (E2) ≥ α63/2. (2.18)Let ω(c) = (ξ(c), η(c)) and ω = (ξ, η) be random elements of Ω with distributions

P
(c)
r and Pr, respectively. We shall show that ω and ω(c) can be coupled in such away that if there is no large bond cluster in η in R3, and there is a vertical black



38 CHAPTER 2. A SHARP PHASE TRANSITIONpath in ξ from t(S) to Γw∗
h that does not leave R3, then there is a black path in

ξ(c) that does not leave R2 ∪R3 ∪R4.We �rst couple η and η(c) so that they coincide in the exterior of ∆1. This ispossible because E1 contains information only about ∆1 and int(∆1), and Bernoullipercolation con�gurations restricted to disjoint sets are independent. Note thatthe bond clusters of η can extend beyond ∆1, therefore each bond cluster of η(c)contained in ext(∆1) is a subset of a bond cluster of η, but they are not necessarilythe same.In order to couple ξ and ξ(c), we consider the collection G of all (self-avoiding)paths in [N/4, 3N/8]× [0, 8N ] from t(R3) = [N/4, 3N/8]× {8N} to Γw∗
h , and givethem some deterministic order. We also order the vertices in each path startingfrom t(R3) and ending at Γw∗

h . We denote the j-th vertex of the i-th path by vji .To each vertex x ∈ Z2 we assign a vector (c1(x), c2(x)), where c1 and c2 cantake three values: black, white or unde�ned. Let C1 and C2 be the collections ofall values assigned respectively to c1(x) and c2(x) for all x ∈ Z2, indexed by Z2.We start with c1(x) being unde�ned for all x ∈ Z2, and c2(x) being the colourof x given all the information gathered so far, or unde�ned if the colour is notknown (note that, in particular, c2(x) is unde�ned for all x ∈ ext(∆1)). We willgenerate two coupled colour con�gurations, ξ and ξ(c), according to the correctmarginal distributions with the help of the following algorithm. Note that thevalues assigned to c1(x) and c2(x) will change, at least for some x, during thealgorithmic construction.Let c be an �auxiliary� variable that can take the same three values: black,white and unde�ned. We also use two index variables: i and j.1. i := 1, j := 1.2. c := c1(v
j
i ).3. • If c = black, j := j + 1.

• If c = white, i := i+ 1 and j := 1. Stop if i > |G|.
• If c = unde�ned, with probability r, let c := black, and with probability

1 − r, let c := white. Then set c1(x) := c for all x ∈ Cbond
vj

i

(η) (i.e., forall x in the bond cluster in η of the current vertex), and c2(x) := c forall x ∈ Cbond
vj

i

(η(c)).4. Stop if C1 contains a black path from t(R3) to Γw∗
h , otherwise go back to 2.After the algorithm stops, we let ξ(x) = c1(x) for all x's such that c1(x) isnot unde�ned, and ξ(c)(x) = c2(x) for all x's such that c2(x) is not unde�ned.Note that, because of the nature of the algorithm, the vertices that have not beenassigned a colour are naturally split into bond clusters (e.g., if c1(x) is unde�ned,



2.3. PROOF OF THEOREM 2.1.1 39then c1(y) is unde�ned for all y in the bond cluster of x in η). We then assigncolour black with probability r and white with probability 1−r to the bond clustersin η and in η(c) that have not yet been assigned a colour, independently of eachother. We now make three important observations, as follows.(1) First of all, it can be easily seen that the con�gurations ξ and ξ(c) generatedin the way described above are distributed according to the correct distributions,
Pr and P

(c)
r respectively.(2) Moreover, before the very last step of the algorithmic procedure, whenever

c1(x) is black for x in ext(∆1), c2(x) is also black for that same x. This follows fromthe fact that, because of the coupling between η and η(c), a di�erence between thebond clusters of η and those of η(c) encountered during the algorithmic constructioncan only arise when a bond cluster of η �crosses� ∆1. In that case, the bond clusterin η possibly reaches more vertices in ext(∆1) than the bond cluster in η(c). Ifsuch a bond cluster in η is coloured white, it makes C1 �more white� than C2. If itis coloured black, the algorithm stops because a black path from t(R3) to Γw∗
h hasbeen generated. Therefore, before the very last step of the algorithmic procedure,for every vertex x in ext(∆1) such that c1(x) is black, c2(x) is also black, and forevery vertex such that c2(x) is unde�ned, c1(x) is either unde�ned or white. Thisimplies that if the algorithm stops because C1 contains a black path from t(R3) to

Γw∗
h , then also C2 contains a black path from t(R3) to Γw∗

h .(3) Finally, at the end of the algorithmic construction described above, c2(x)can be black only if x is in R3 or belongs to the bond cluster in η(c) of a vertex in
R3.Now note that, because of the coupling between η and η(c), if x ∈ R3 hasdependence range not larger than N/8 in η, the same is true for the range of xin η(c). Therefore, if no vertex in R3 has a range larger than N/8 in η, when thealgorithm stops because it found a black path in C1 from t(R3) to Γw∗

h , by theprevious comment and observations (2) and (3) above, there is a black path in C2from t(R3) to Γw∗
h contained inside R2 ∪R3 ∪R4.It follows that, setting

TR3 =
⋂

v∈R3

{D(v) < N/8},we obtain that
P(c)
r (E2) ≥ Pr

(

V bN/8,8N |TR3

)

νp(TR3).Elementary calculations show that
Pr

(

V bN/8,8N |TR3

)

≥ Pr

(

V bN/8,8N

)

− νp(T
c
R3

),



40 CHAPTER 2. A SHARP PHASE TRANSITIONwhere, by a similar computation as in Part 1,
νp(T

c
R3

) = νp

(

⋃

v∈R3

{D(v) ≥ N/8}
)

≤ (N/8 + 1)(8N + 1)νp (D (0) ≥ N/8)

≤ (8m2
1 + 8m1)e

−ψ(p)m1/100

≤ ζ, (2.19)where ζ = α63/
[

4(α63 + 1)
], and in the last step we used (2.10). Since we havethat Pr(V

b
N/8,8N ) ≥ α63 (see (2.16)), and ζ < α63/

[

2(α63 + 1)
], this gives that

P(c)
r (E2) ≥ (α63 − ζ)(1 − ζ) ≥ α63(1 − ζ) − ζ ≥ α63/2,proving (2.18).Having shown that P

(c)
r (E2) > 0, conditioning on the event E2, we call Π̃b

v theleftmost black (self-avoiding) path from t(S) to Γw∗
h contained in R2 ∪ R3 ∪ R4.We denote by Πb

v the union of Π̃b
v and the black clusters in S to the left of Π̃b

vconnected to Π̃b
v (see Figure 2.4). We denote the region of S to the right of Π̃b

v by

Figure 2.4: The black vertices joined by a line represent a portion of Π̃b
v. The blackvertices on the left side of Π̃b

v that are marked by circles belong to Πb
v.

J(Π̃b
v). Note that no information on the colours of vertices to the right of Π̃b

v isneeded to determine Π̃b
v itself and Πb

v.



2.3. PROOF OF THEOREM 2.1.1 41We now set
CL2 =

⋃

x∈(R2∪R3∪R4)\(Πb
v∪J(Π̃b

v))

Cbond
x .If there is no vertex in R2∪R3∪R4 on the left side of Π̃b
v with a dependence rangegreater than N , then CL2 does not intersect SN,7N ∩ J(Π̃b
v). Therefore, the proba-bility of E3 = {CL2 ∩SN,7N ∩ J(Π̃b

v) 6= ∅} is at most α4/(2L), from a computationsimilar to the one leading to inequality (2.19). Conditioning on the event Ec3, wecontinue with the third part of our construction.Part 3. In this part, we shall complete our construction which shows that thereare �too many� pivotal bond clusters for having a white horizontal ∗-crossing in S.It is easy to see that if a vertex at distance 1 from some x ∈ Γw∗
h is black and isconnected to t(S) by a black path contained in S, then Cbond

x is pivotal for Hw∗
N,8N .Indeed, due to the fact that every vertex in the lowest horizontal white ∗-crossinghas a black neighbour that is connected to b(S) by a black path, changing thecolour of Cbond

x would make the existence of a white horizontal ∗-crossing of Simpossible.Let π be the �upper layer� of Γw∗
h , that is, the set of vertices in Γw∗

h with atleast one neighbour in the region A(Γw∗
h ). Denote by x0 the rightmost vertex of

π at distance 1 from Πb
v. Furthermore, denote the portion of π to the right of x0by Πw∗

u . We have speci�ed a site x0 of Γw∗
h that lies in LH(S) ∩ SN,4N (i.e. thelower-left quarter of S) with the property that a black path leads from t(S) to apoint at distance 1 from x0. This implies that Cbond

x0
is pivotal for Hw∗

N,8N .Recall that we de�ned m1,m2, . . . ,mL so that (2.10)�(2.12) and (2.15) hold.Now let us consider annuli Bi = {ci+S3mi,3mi +(−3mi/2,−3mi/2)}\{ci+Smi,mi +
(−mi/2,−mi/2)} for all i ∈ {1, 2, . . . , L}, centered at ci = x0 if mi is even andat ci = x0 + (1/2, 1/2) if mi is odd. This means that for any i, Bi is an annuluswith center at Euclidean distance at most 1/2 from x0, with inner diameter mi andouter diameter 3mi. We will look for black paths in these annuli between Πb

v and
Πw∗
u . Note that even the largest annulus, BL does not go above SN,7N , nor to theright of R5, according to (2.13). Let us denote the bounded region determined bythe curves ({7N/8} × [0, 8N ]) ∩ A(Γw∗

h ) (i.e. the right side of R5), [0, N ] × {7N}(the top of SN,7N), Πb
v, and Πw∗

u , by AJ .Let ∆2 denote the edge boundary of CL2 , de�ned at the end of Part 2. We shalllook for black paths in the annuli in the region AJ . Let Bi[mi/100] denote the
mi/100-neighbourhood of Bi. We consider the events Qi for all i ∈ {1, 2, . . . , L}that there is a black path in Bi[mi/100]∩AJ between Πb

v and Πw∗
u , and Q = {thereare at least 32/

[

(r2 − r1)α
63γ
]

+1 indices i such that Qi holds}. Let us denote theconditional measure Pr(· | E1 ∩ E2 ∩ Ec3) (i.e., Pr conditioned on the information



42 CHAPTER 2. A SHARP PHASE TRANSITIONwe have so far) by P
(c2)
r . We shall show that for any r ∈ [r1, r2] we have

P(c2)
r (Q) ≥ 1/4. (2.20)We shall show that we can couple con�gurations ω(c2) = (ξ(c2), η(c2)) and ω =

(ξ, η) with respective distributions P
(c2)
r and Pr in such a way that if in ω, for all

i ∈ {1, 2, . . . , L}, there is no vertex in Bi with a dependence range larger than
mi/100, and for some j there is a black circuit in Bj in ξ, then ξ(c2) ∈ Qj .First, we couple the edge con�gurations η and η(c2) in ext(∆1)∩ ext(∆2). E1 ∩
E2 ∩ Ec3 contains the information that the edges in ∆1 ∪ ∆2 are closed, and Πb

v iscoloured black. This implies that, according to Lemma 2.2.4, there will be a biasin the con�guration η(c2) towards more open edges. In fact, according to Lemma2.2.4, in ext(∆1) ∩ ext(∆2), η and η(c2) can be coupled so that any closed edge inthe latter is also closed in the former. We pick two such coupled con�gurations,and concentrating on η(c2) �rst, we denote by H the union of Πb
v with the setof vertices that are connected to Πb

v by an open path in η(c2). Then ∆H is aclosed barrier in η(c2), and by the coupling, this barrier is also closed in η. Asa �nal ingredient in our joint construction, we now redraw the con�gurations in
ext(∆1) ∩ ext(∆2) ∩ ext(∆H) in both con�gurations, so that in this region thecon�gurations agree, and are (conditionally) independent of ∆1,∆2,∆H and theirinteriors. The con�gurations chosen this way, denoted again by η and η(c2), havethe correct marginal distributions.As in Part 2, we assign a vector (c1(x), c2(x)) to each vertex x ∈ Z2, and let
C1, C2 be the collections of all the corresponding values, indexed by Z2. We take
c2(x) = black for all x ∈ int(∆H).We shall perform L algorithms, where the k-th algorithm corresponds to search-ing for black paths in Bk. We start with k = 1. Let Gk be the collection of allthe (self-avoiding) paths in Bk ∩AJ , leading from Πb

v to Πw∗
u . We equip Gk withan arbitrary deterministic ordering. We also order the vertices along each path,starting from Πb

v, going towards Πw∗
u . As before, the j-th vertex in the i-th pathin Bk ∩ AJ is denoted by kv

j
i . The algorithm which generates ξ and ξ(c2) is thesame as in Part 2, using the �auxiliary� variable c and the index variables i and j.1. i := 1, j := 1.2. c := c1(kv

j
i ).3. • If c = black, j := j + 1.

• If c = white, i := i+ 1 and j := 1. Stop if i > |Gk|.
• If c = unde�ned, with probability r, let c := black, and with probability

1 − r, let c := white. Then set c1(x) := c for all x ∈ Cbond
kv

j
i

(η) (i.e., forall x in the same η bond cluster of the current vertex), and c2(x) := cfor all x ∈ Cbond
kv

j
i

(η(c2)).



2.3. PROOF OF THEOREM 2.1.1 434. Stop if C1 contains a black path from Πb
v to Πw∗

u in Bk ∩ AJ , otherwise goback to 2.When the algorithm terminates, we increase k by one, and if k ≤ L, we re-run the algorithm with the new value of k. After the last algorithm stops, we set
ξ(x) = c1(x) for all x such that c1(x) is not unde�ned, and ξ(c2)(x) = c2(x) for all
x such that c2(x) is not unde�ned. We then assign colour black with probability
r and white with probability 1 − r to the bond clusters in η and in η(c) that havenot been assigned a colour yet, independently of each other. Here, we make threeimportant remarks.(1) Due to the coupling, the bond con�gurations η and η(c2) are the samein ext(∆1) ∩ ext(∆2) ∩ ext(∆H). Therefore, if for all k ∈ {1, 2, . . . , L}, there isno vertex in Bk ∩ AJ ∩ ext(∆H) with a dependence range larger than mk/100in η, then the same is true in η(c2) as well. By rewriting (2.12) as mk+1/2 >
3mk/2+mk/100+mk+1/100, we see that themk/100-neighbourhoods of the annuli
Bk are disjoint. Hence, if for all k ∈ {1, 2, . . . , L}, there is no vertex in Bk with adependence range larger than mk/100 in η, then any point gets c1 or c2 values byat most one of the algorithms.(2) Similarly to Part 2, the con�gurations ξ and ξ(c) generated in the waydescribed above are distributed according to the correct distributions, Pr and P

(c2)
rrespectively. Note that assigning black to ξ(c2)(x) for all x ∈ int(∆H) is justi�edsince, by the de�nition of H , every such x is connected to Πb

v by an open path in
η(c2).(3) For any k, if there is no vertex in Bk ∩AJ with a dependence range largerthan mk/100, then before the very last step of the k-th algorithmic procedure,whenever c1(x) is black for x in ext(∆1)∩ext(∆2)∩Bk, c2(x) is also black for thatsame x.To see this, we need to notice that due to the coupling between η and η(c2), thebond clusters of a vertex x ∈ ext(∆1) ∩ ext(∆2) ∩ Bk in η and in η(c2) may di�erin the following four cases:

• x ∈ int(∆H),
• Cbond

x (η) �crosses� ∆H ,
• Cbond

x (η) �crosses� ∆2,
• Cbond

x (η) �crosses� ∆1.The di�erence in the �rst case is unimportant since we have c2(x) =black for all
x ∈ int(∆H). Recall that ∆H is a closed barrier both in η and in η(c2); hencethe second case never happens. The k-th algorithm assigns values to vertices in
Bk ∩ AJ only. If there is no vertex in Bk ∩ AJ with a dependence range largerthan mk/100, then the third case does not happen either: ∆H prevents Cbond

x (η)



44 CHAPTER 2. A SHARP PHASE TRANSITIONfor x ∈ Bk ∩AJ from intersecting ∆2. The fourth case is handled exactly the sameway as in Part 2: if such a bond cluster is coloured white, it makes C1 �more white�than C2; if it is black, the algorithm has found an appropriate black path in C1 andtherefore terminates.This shows that, for every k ∈ {1, 2, . . . , L}, if there are no large bond clustersof η in Bk, the presence of a black path in C1 from Πb
v to Πw∗

u in Bk ∩AJ impliesthat there is a black path in C2 from Πb
v to Πw∗

u . Remark (1) above shows that thisblack path in C2 is indeed contained in Bk[mk/100] ∩AJ .This implies that if we let TBi =
⋂

v∈Bi
{D(v) < mi/100}, B(Bi) = {there isa black circuit in Bi surrounding x0} for i ∈ {1, 2, . . . , L}, and T =

⋂L
i=1 TBi , weobtain that

P(c2)
r (Q) ≥ Pp,r (B(Bi) holds for at least 32/

[

(r2 − r1)α
63γ
]

+ 1 indices|T )νp(T ).The second factor is very close to one as
1 − νp(T ) = νp(

L
⋃

i=1

T cBi
)

≤
L
∑

i=1

∑

v∈Bi

νp(D(v) ≥ mi/100)

≤
L
∑

i=1

(8m2
i + 8mi)νp(D(0) ≥ mi/100)

≤ L · α4/(2L) = α4/2, (2.21)where we used translation-invariance, the monotonicity of the function f(x) =
(8x2 + 8x)e−ψ(p)x/100 for x > 600/ψ(p), and inequalities (2.11) and (2.10). Notethat, conditioned on T , the event B(Bi) depends on the mi/100-neighbourhoodof Bi only. We know the mi/100-neighbourhoods of the annuli Bi are disjoint.Therefore, the events B(Bi) (i ∈ {1, 2, . . . , L}) are conditionally independent, con-ditioned on T . We also have for all i ∈ {1, 2, . . . , L} that

Pp,r(B(Bi)|T ) ≥ Pp,r(B(Bi)) − νp(T
c)

≥ α4 − α4/2,due to (2.15) and (2.21). Hence, by the choice of L before inequality (2.10),
Pp,r (B(Bi) holds for at least 32/

[

(r2 − r1)α
63γ
]

+ 1 indices|T ) ≥ 1/2.This shows that
P(c2)
r (Q) ≥ (1 − α4/2)1/2

≥ 1/4,



2.4. PROOFS OF THE REMAINING RESULTS 45proving (2.20).Note that whenever Qi happens, there is a pivotal (for the event Hw∗
N,8N) bondcluster in or close to Bi. Moreover, for any i 6= j, the events Qi and Qj give riseto di�erent pivotal clusters. Therefore, conditioning on having reached Part 3, theconditional probability of the event E4 = {there are at least 32/

[

(r2 − r1)α
63γ
]

+1pivotal clusters for Hw∗
N,8N} is at least the conditional probability of Q, which is atleast 1/4, as we have just concluded.Since it is easy to see that for any r ∈ [r1, r2] the Pr-probability of reachingPart 3 is at least γ · (1 − α4/(2L)) · α63/2 · (1 − α4/(2L)) ≥ γα63/8, and we knowthat n (Hw∗

N,8N

) is a nonnegative random variable, we have for any r ∈ [r1, r2] that
Er
(

n
(

Hw∗
N,8N

))

≥
(

32/
[

(r2 − r1)α
63γ
]

+ 1
)

· 1/4 · γα63/8

> 1/(r2 − r1),�nishing the proof of inequality (2.17). As discussed earlier, this completes theproof of Theorem 2.3.2. 22.4 Proofs of the remaining resultsIn order to prove exponential decay for the black cluster of the origin for p < 1/2,
r < rc(p), we use ideas similar to those in the proof of Theorem 2 in [19] (see alsothe proof of Theorem 5 in [18]). We shall need a lemma about k-dependent sitepercolation which appears as Lemma 7 in [19], as follows.Lemma 2.4.1. Let k be a �xed positive integer. There exists a constant p1 = p1(k)with the following property. If P̃ is a k-dependent site percolation measure on Z2 inwhich every vertex v ∈ Z2 is open with probability at most p with p < p1, then thecluster size of the origin has an exponentially decaying tail, i.e. there is a constant
c(p, k) > 0 for which P̃(|Csite0 | ≥ n) < e−c(p,k)n (2.22)for all n ≥ 1, where Csite0 is the open cluster of the origin.Proof of Theorem 2.1.2: Fix p < 1/2 and r < rc(p). As r < 1 − r∗c (p) byTheorem 2.3.2, we have that Θ∗(p, 1 − r) > 0, which implies

lim sup
n→∞

Pp,r(V w∗
n,3n) = 1 (2.23)by Lemma 2.2.12. Let p1 > 0 be a constant provided by Lemma 2.4.1 with k = 9.Equation (2.23) implies that it is possible to choose a sequence nk → ∞ alongwhich Pp,r(V w∗

nk,3nk
) > (1 − p1/2)

1/4
.



46 CHAPTER 2. A SHARP PHASE TRANSITIONTake an element m of the sequence {nk} that is so large that
(8m2 + 8m)νp(D(0) ≥ m/100) < p1/2. (2.24)As before, there exists such a large m since νp(D(0) ≥ m/100) decreases exponen-tially in m according to Theorem 2.2.1.Set s = m− 1, and let S be an s by s square in Z2. Arrange two 3m by m andtwom by 3m rectangles to form an annulus A = A(S) surrounding S. Having white

∗-crossings in each of these four rectangles are decreasing events, hence it easilyfollows from Theorem 2.2.3 that they are positively correlated. Therefore, withprobability at least ((1 − p1/2)
1/4
)4

= 1 − p1/2, each of the rectangles contains awhite ∗-crossing in the long direction. In that case, there is a white ∗-circuit in Asurrounding S, therefore no vertex of S is connected by a black path to any vertexoutside A.Therefore, for a given s by s square S in Z2, denoting by B(S) the event thatsome vertex in S is connected by a black path to a vertex at L∞-distance 2s from
S by B(S), we have that Pp,r(B(S)) < p1/2.Let us also consider the event L(A) that no vertex v ∈ A has a dependencerange larger than m/100. Note thatPp,r(L(A)c) = Pp,r(⋃

v∈A

{D(v) > m/100})

≤ (8m2 + 8m)νp(D(0) > m/100)

< p1/2,by (2.24) therefore, the event G(S) = B(S) ∪ L(A)c has Pp,r-probability smallerthan p1/2 + p1/2 = p1.The reason why we consider this event is that G(S) � in contrast to B(S) �depends only on the restriction of (X,Y ) to the m/100-neighbourhood of A ∪ S.Indeed, if L(A) does not hold, then G(S) holds. If it does hold, then G(S) holdsif and only if B(S) holds, which � in this case, when there are no large bondclusters containing vertices in A � depends only on colours of vertices in the m/100-neighbourhood of A ∪ S.We de�ne now a 9-dependent site percolation measure P̃ on Z2 as follows. Toeach v = (a, b) ∈ Z2, let us assign an s by s square Sv = [as, as+ s] × [bs, bs+ s].We de�ne v ∈ Z2 to be open if and only if G(Sv) holds.It is easy to see that P̃ is 9-dependent: if v, w ∈ Z2 are at graph distance atleast 9, then either their �rst or their second coordinates di�er by at least 5, so the
m/100-neighbourhoods of the corresponding regions are disjoint, hence the statesof v and w are independent.On the other hand, since every vertex is open with probability smaller than
p1, we get exponential decay of the cluster of the origin in P̃ according to Lemma



2.4. PROOFS OF THE REMAINING RESULTS 472.4.1: by denoting the open cluster of the origin in P̃ by C̃0 we obtain that thereexists an a > 0 such that P̃(|C̃0| ≥ n) < e−an.All we need to do now is to compare the cardinality of the black cluster of theorigin C0 to that of C̃0. Note that if |C0| > (6s+ 1)2, then every vertex w of C0 isjoined by a black path to some vertex at L∞-distance 3s from w. Therefore, in thiscase, B(Sv) � and hence G(Sv) � holds for every vertex v such that Sv containsvertices of C0. The set of such v forms an open cluster with respect to P̃ whichis clearly a subset of C̃0. Since each Sv contains only (s + 1)2 vertices, at most
(s + 1)2 vertices of C̃0 can correspond to the same vertex v ∈ C0. Therefore, for
n ≥ (6s+ 1)2, we have thatPp,r(|C0| ≥ n) ≤ P̃(|C̃0| ≥ n/(s+ 1)2)

< e−an/(s+1)2 .This inequality provides the desired statement for n ≥ (6s+ 1)2, and this excludesonly �nitely many values of n. The statement follows. 2For the proof of Theorem 2.1.3, we need the following result of Russo [82]. Let
µ be a probability measure that assigns colours black or white to the vertices of
Z2. Let P b∞(µ) (resp. Pw∗

∞ (µ)) denote the probability that the black cluster (resp.white ∗-cluster) of the origin is in�nite. Let Sb(µ) denote the mean size of theblack cluster of the origin.Theorem 2.4.2. ([82]) If the measure µ is translation-invariant and Sb(µ) <∞,then Pw∗
∞ (µ) > 0.Proof of Theorem 2.1.3. First, we shall prove criticality when p < 1/2, r =

rc(p). Our argument follows the proof of Proposition 1 in [83]. Fix p < 1/2. Take
ε > 0 as in Lemma 2.2.11. By Lemma 2.2.1 and the monotonicity of the function
f(x) = (x + 1)(3x+ 1)e−ψ(p)x/3 for x large enough, there exists N0 = N0(p) suchthat, for all n ≥ N0,

(n+ 1)(3n+ 1)νp(D(0) ≥ n/3) ≤ ε. (2.25)Since Θ(p, r) = 0 for all r < rc(p), Lemma 2.2.11 and (2.25) imply that
Pp,r(V

b
n,3n) ≤ 1 − ε (2.26)for all r < rc(p), n ≥ N0.We claim that for any n, the function Pp,r(V

b
n,3n) is continuous in r. To seethis, notice that the occurrence of V bn,3n is determined by a partitioning of thevertices in Sn,3n in bond clusters, and the colours assigned to these clusters. Let
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GS denote the (random) partitioning of the vertices in Sn,3n determined by the bondpercolation (where a, b ∈ W are in the same subset if and only if Cbond

a = Cbond
b ),and denote the (�nite) set of partitions of Sn,3n that are compatible with at leastone bond con�guration by PS . Fix an arbitrary partition gS ∈ PS . Since thecolours are assigned independently to the elements of gS, it is easy to see that

Pp,r(V
b
n,3n|GS = gS) is a polynomial function of r, hence continuous in r. Thisimplies that the (�nite) linear combination

Pp,r(V
b
n,3n) =

∑

gS∈PS

νp(GS = gS) Pp,r(V
b
n,3n|GS = gS)is indeed continuous in r.Therefore, it follows from (2.26) that for any n ≥ N0, letting r → rc(p) yieldsthat Pp,rc(p)(V

b
n,3n) ≤ 1 − ε. Therefore,

lim sup
n→∞

Pp,rc(p)(V
b
n,3n) < 1,which, by Lemma 2.2.12, implies that Θ(p, rc(p)) = 0, providing the �rst conditionof criticality.The relation Θ∗(p, r∗c (p)) = 0 can be proved analogously. Hence, as r∗c (p) =

1 − rc(p) by Theorem 2.1.1, we obtain that the Pp,rc(p)-probability of the originbeing in an in�nite white ∗-cluster is 0. Therefore, applying Theorem 2.4.2 tothe measure Pp,rc(p) yields that the mean size of the black cluster of the origin isin�nite, concluding the proof of criticality for p < 1/2, r = rc(p).The fact that there is no in�nite black cluster or white ∗-cluster at p = 1/2,
r ∈ (0, 1), is a straightforward consequence of the fact that ν1/2-almost everybond con�guration contains in�nitely many disjoint open circuits surrounding theorigin. These circuits are coloured independently, preventing the possibility ofblack percolation or white ∗-percolation. (This idea was �rst described in [55] forshowing that there is no percolation of either colour at p = 1/2, r = 1/2.) Thein�nite mean cluster size follows then from Theorem 2.4.2, as before.The supercritical case p > 1/2 is obvious: the probability that the origin is inan in�nite bond cluster is positive in that case, and so is the probability that thecolour assigned to that cluster is black for any r > 0. 2Remark 2.4.3. The proof of rc(p) + rc(p)

∗ = 1 for p < 1/2 given in Section 2.3uses positive association of the measure Pp,r, exponential decay of correlations, andduality. It is easy to see that polynomial decay of correlations of degree strictlygreater than 2 would be su�cient for the proof. The fact that there is no in�niteblack cluster at p = 1/2, r ∈ (0, 1) (see Theorem 2.1.3) even though duality andpositive association of P1/2,r hold in that case as well shows that at p = 1/2, for



2.4. PROOFS OF THE REMAINING RESULTS 49any c > 2 and integer N , there exists n > N such that
ν1/2(D(0) ≥ n) ≥ 1/nc,i.e., in critical bond percolation on the square lattice, the probability that the originis connected to δB(0, n) by an open path is at least n−c.Proof of Corollary 2.1.4. To prove Corollary 2.1.4, one needs to put together theresults in Theorems 2.1.1�2.1.3. Strictly speaking, the following three statementsneed additional clari�cation: for p < 1/2, we have that(i) rc(p) ∈ [1/2, 1),(ii) Θ∗(p, 1 − rc(p)) = 0 and the mean size of the white ∗-cluster of the originis in�nite, and(iii) if r > rc(p), the size of the white ∗-cluster has an exponentially decayingtail.Now rc(p) < 1 follows from Theorem 2.6 in [55]. The other bound rc(p) ≥ 1/2is an easy consequence of rc(p) + r∗c (p) = 1, since rc(p) ≥ r∗c (p). We have seen the�rst half of (ii), i.e., Θ∗(p, r∗c (p)) = 0, in the proof of Theorem 2.1.3. We also knowthat Θ(p, rc(p)) = 0, which implies, according to Theorem 2.4.2, that the meansize of the white ∗-cluster of the origin is in�nite. Statement (iii) can be provedthe same way as Theorem 2.1.2. 2The proof of Corollary 2.1.5 uses the methods of Russo [82], and van den Bergand Keane [14], based on the following lemma, which may be interesting in itself.Lemma 2.4.4. At p < 1/2, r > rc(p), the number of in�nite black clusters is

Pp,r-a.s. equal to 1.Proof. For rc(p) < r < 1, similarly to the proof of Theorem 2.3.1, conditions(1)-(4) of Theorem 2.2.14 clearly hold for the measure Pp,r. Theorem 2.2.14 statesthat under these conditions, the number of in�nite black clusters is 1. The case
r = 1 is obvious. 2Proof of Corollary 2.1.5. We �x p < 1/2, and write Θ(r|η) for the conditionalprobability that the cluster of the origin is in�nite, given that the bond con�gura-tion is η. The above mentioned classical arguments in [82, 14] and Theorem 2.1.3give that Θ(r|η) is for almost all η a continuous function in r.Now �x ε > 0 and r ∈ [0, 1]. De�ne for each bond con�guration η the set
G(η) = {δ ≥ 0 : if |r′ − r| ≤ δ then |Θ(r|η) − Θ(r′|η)| < ε} of real numbersand the value δ(η) = supG(η)/2. Note that δ(η) ∈ G(η), and that for νp-almostevery η, we have that δ(η) > 0 by the above observation. This implies that theset D = {δ > 0 : νp({η : δ(η) ≥ δ}) ≥ 1 − ε} is not empty, as follows. De�ning



50 CHAPTER 2. A SHARP PHASE TRANSITIONfor n ∈ {1, 2, . . .} the sets An = {η : δ(η) < 1/n}, we have that A1 ⊇ A2 ⊇ . . .,therefore
lim
n→∞

νp(An) = νp(

∞
⋂

n=1

An)

= νp({η : δ(η) = 0})
= 0.On the other hand, the assumption D = ∅ would imply that νp(An) ≥ ε for all n,and therefore that limn→∞ νp(An) ≥ ε, leading thereby to a contradiction.Now choose δ̄ ∈ D, and denote the set {η : δ(η) ≥ δ̄} by A. Since Θ(p, r) =

∫

ΩD
Θ(r|η)dνp(η), we then �nd that for all r′ such that |r − r′| < δ̄, we have that

|Θ(p, r) − Θ(p, r′)| ≤
∫

A

|Θ(r|η) − Θ(r′|η)|dνp(η) +

+

∫

Ac

|Θ(r|η) − Θ(r′|η)|dνp(η)

≤ ενp(A) + 2νp(A
c)

≤ ε+ 2ε,proving the result. 22.5 The DaC(1) model on the triangular lattice TOn the square lattice, the relationship rc(p) + r∗c (p) = 1 does not determine thecritical value rc(p). However, on the triangular lattice, percolation is self-dual (i.e.,
∗-paths are the same as ordinary paths), so that the same relationship immediatelyimplies r∗c (p) = rc(p) = 1/2. In this section, we elaborate a bit on the proof of
rc(p)+ r∗c (p) = 1 for p < pT

c (1) on the triangular lattice. In this case, the version ofthe RSW-type theorem of Bollobás and Riordan [19] su�ces, and we do not needto use the improvement in [12].We note that the de�nitions and all the preliminary results of Section 2.2 stillapply, modulo the reinterpretation of ∗-crossings as ordinary crossings and thedi�erent critical value for bond percolation. This observation will be implicitlyunderstood in the rest of the section, and we will use the results of Section 2.2.2without further comments and dropping the `∗' from our notation. In this section,
pc denotes pT

c (1), the critical value for bond percolation on T.The inequality rc(p) ≥ 1/2 can be proved by standard methods, see, e.g., theproof of Proposition 2.1.8 below. Similar (however somewhat simpler) consider-ations to those in the proof of Theorem 2.3.2 lead to rc(p) ≤ 1/2 as follows. Itis easy to see that for any rhombus S, the probability of having a black vertical



2.5. THE DAC(1) MODEL ON THE TRIANGULAR LATTICE T 51crossing in S is the same as the probability of having a black horizontal crossing in
S. This observation, together with Lemma 2.2.2 and symmetry of black and whiteat r = 1/2, implies the following result.Lemma 2.5.1. For any p ∈ [0, 1] and any n ∈ {1, 2, . . .},

PT

p,1/2(V
b
n,n) = 1/2.This lemma allows us to use the RSW type theorem of Bollobás and Rior-dan [19], which states that lim inf

n→∞
PT

p,1/2(V
b
n,n) > 0 implies lim sup

n→∞
PT

p,1/2(V
b
n,ρn) > 0for any ρ > 0, to obtain the following result.Lemma 2.5.2. For any p < pc, we have that

lim sup
n→∞

PT

p,1/2(V
b
n,3n) > 0. (2.27)Next we show that certain parallelograms have high crossing probabilities.Theorem 2.5.3. For all p < pc, for any ε > 0,

lim sup
n→∞

PT

p,1/2+ε(V
b
n,3n) = 1.Proof sketch. We assume that there exists a p < pc and an ε > 0 such that

lim sup
n→∞

PT

p,1/2+ε(V
b
n,3n) < 1. We denote the measure PT

p,r(·) by Pr(·). The assump-tion above and Lemma 2.2.2 gives lim inf
n→∞

P1/2+ε(H
w
n,3n) > 0, which, together withmonotonicity, shows that in the interval r ∈ [1/2, 1/2 + ε], whenever n is largeenough, the Pr-probability of Hw

n,3n is bounded away from 0.On the other hand, Lemma 2.5.2 gives lim sup
n→∞

P1/2(V
b
n,3n) > 0. Therefore,there exists a sequence of side lengths nk → ∞ along which P1/2(V

b
nk,3nk

) is alsobounded away from 0, which, by monotonicity, gives the same lower bound in thewhole interval r ∈ [1/2, 1/2 + ε] for Pr(V
b
nk,3nk

).A careful reading of the proof of Theorem 2.3.2 shows that these lower boundsare enough to determine the parameters L,m1,m2, . . . ,mL, N of the constructiondescribed in the proof of inequality (2.17), which provides a uniform lower boundon the number of pivotal bond clusters for the event Hw
N,8N in the interval r ∈

[1/2, 1/2 + ε], leading to a contradiction. 2Theorem 2.5.3 together with Lemma 2.2.12 implies rc(p) ≤ 1/2, establishingthe equality rc(p) = 1/2 and completing the proof of Theorem 2.1.6.We conclude this section with the proof of Proposition 2.1.8.



52 CHAPTER 2. A SHARP PHASE TRANSITIONProof of Proposition 2.1.8. Let us �x q ≥ 1 and p < pT

c (q), and denotethe corresponding probability measure on spin con�gurations by µT

p,q,r. One cancheck that conditions (1)�(3) of Theorem 2.2.14 apply to µT

p,q,1/2: condition (1) isobvious, condition (2) follows from results in [50], condition (3) is proved in [66].If we now assume that for r = 1/2 there exists an in�nite black cluster withpositive probability (meaning that condition (4) is also satis�ed by µT

p,q,1/2), coloursymmetry implies the existence of an in�nite white cluster with positive probability,leading to a contradiction with Theorem 2.2.14. We then conclude that thereexists a.s. no in�nite black cluster at r = 1/2 and, by colour symmetry again,no in�nite white cluster. Since µT

p,q,1/2 is clearly a translation-invariant measure,Theorem 2.4.2 implies in�nite mean size for the black cluster of the origin. 2



Chapter 3Con�dence intervals for thecritical values3.1 Description of the problemMotivations for the introduction of the DaC(1) model given in [55] by Häggströminclude that this model is close in spirit to the Ising model, but is easy to simulate.In this chapter, we shall exploit the latter feature in order to learn about thepercolation critical values of the DaC(1) model on the square lattice. Our analysisis based on methods inspired by [81], and the recent results in [7] that are given inChapter 2, in particular Theorem 2.1.1. Throughout this chapter, we shall use thenotations PGp,r, Pp,r, rc(p), r∗c (p) as de�ned in Section 2.1.1.We proved in Chapter 2 that for all p > 1/2, we have rc(p) = 0, that rc(1/2) = 1,and that for p < 1/2, rc(p) ∈ [1/2, 1) holds. However, in the interval p ∈ [0, 1/2),the exact value of rc(p) is unknown. Our goal in this chapter is to give con�denceintervals for rc(p) by generalising the approach of Riordan and Walters [81] fromBernoulli site percolation, i.e., p = 0 in the DaC(1) model, to p ∈ [0, 1/2).A brief outline of Chapter 3 is as follows. In Section 3.2, we describe a rigorousmethod that gives a con�dence interval for rc(p) with an arbitrarily high con�dencelevel under the assumption that one can generate random numbers with uniformdistribution on the interval [0, 1]. We apply the method in computer simulationswhere we get the necessary (pseudo-)random numbers from one of the most com-monly used and most trusted random number generators, the Mersenne Twister[75]. The results, which are of course subject to the assumption that the numbersgenerated in this fashion can be treated as genuinely random, are presented inSection 3.3, where we also give a conjecture concerning the behaviour of rc(p) as afunction of p. 53



54 CHAPTER 3. CONFIDENCE INTERVALS FOR THE CRITICAL VALUES3.2 Theoretical backgroundIn [81], Riordan and Walters give a natural and easily applicable way of estimatingthe critical value of Bernoulli bond and site percolation on the 11 Archimedeanlattices (i.e., lattices in which all faces are regular polygons and all vertices areequivalent) by adjusting the approach of [4] to the models. Their method is notimmediately applicable in the present context due to the correlations between thecolours of vertices, but it is fairly easy to make the necessary changes. We shalldescribe the method for a general p ∈ [0, 1/2), but remark that the case p = 0 issomewhat simpler, see [81].3.2.1 An upper bound for rc(p)In this section, we shall show how to obtain an upper bound for rc(p) by meansof deducing Proposition 3.2.3, a ��nite size criterion� for percolation, which is aquantitative form of Lemma 2.2.11. This is done by using results concerning 1-dependent bond percolation.De�nition 3.2.1. Given a graph G = (V , E), a measure on {0, 1}E is called 1-dependent if whenever S ⊂ E and T ⊂ E are vertex-disjoint sets of edges then thestate of edges in S are independent of the state of edges in T .It follows from standard arguments or from Lemma 2.4.1 that if each edge isopen with a high enough probability in a 1-dependent bond percolation on Z2,then the origin is with positive probability in an in�nite open cluster. Currentlythe best bound is given by Balister, Bollobás and Walters in [4], as follows.Lemma 3.2.2. ([4]) Let ν be any 1-dependent bond percolation measure on Z2 inwhich each edge is open with probability at least p0 = 0.8639. Then the probabilityunder ν that the origin lies in an in�nite open cluster is positive.Let us consider the following partition of R2 (see Figure 3.1). Given a scaleparameter s ∈ N and a connectivity parameter ` ∈ N, we take k = s+2` and de�nefor all i, j ∈ Z the s by s squares
Si,j = [ik + `, ik + `+ s] × [jk + `, jk + `+ s],

s by 2` rectangles
Hi,j = [ik + `, ik + `+ s] × [jk − `, jk + `],

2` by s rectangles
Vi,j = [ik − `, ik + `] × [jk + `, jk + `+ s],
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`

Hi,j

s

Si,j Vi+1,j

Hi,j+1

Vi,j

Figure 3.1: A partition of R2.and what remains are the 2` by 2` squares [ik − `, ik + `] × [jk − `, jk + `].Now, we will relate Pp,r to a 1-dependent bond percolation measure by afunction f : {0, 1}Z
2 × {0, 1}E2 → {0, 1}E2 as follows. To each horizontal edge

e = 〈(i, j), (i+ 1, j)〉 ∈ E2, we associate a 2` + 2s by s rectangle Re = Si,j ∪
Vi+1,j ∪ Si+1,j , and the event Ee that there exists a black component (i.e., a con-nected set of vertices all of which are black) in Re which links the left side of Si,j ,the left half of the upper side of Si,j , the right half of the upper side of Si+1,j ,and the right side of Si+1,j (see Figure 3.2). Here and below, a vertex in thecorner of a rectangle is understood to link the corresponding sides in itself. Foreach vertical edge e = 〈(i, j), (i, j + 1)〉 ∈ E2, we de�ne the s by 2`+ 2s rectangle
Re = Si,j ∪Hi,j+1 ∪ Si,j+1, and the event Ee = {there is a black component in Relinking the lower side of Si,j , the lower half of the left side of Si,j , the upper half ofthe left side of Si,j+1, and the upper side of Si,j+1}. For each edge e ∈ E2, we alsoconsider the event Fe = {there exists a bond cluster which contains a vertex in Reand a vertex at (graph) distance at least ` from Re}, and de�ne Ẽe = Ee ∩ F ce .Now for each con�guration ω = (ξ, η) ∈ {0, 1}Z

2 × {0, 1}E2, we determine a cor-
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s

s/2s/2

` ReFigure 3.2: A black component in Re witnesses the occurrence of Ee.responding bond con�guration f(ω) = γ ∈ {0, 1}E2 in the following way. For all
e ∈ E2, we declare e open if and only if Ẽe holds, i.e., we de�ne γ(e) = 1 if and onlyif ω ∈ Ẽe. Finally, we de�ne the measure νp,r = Pp,rf

−1 on bond con�gurations.It is not di�cult to check that νp,r is a 1-dependent bond percolation measure.Indeed, if e and e′ are two vertex-disjoint edges in E2, then the correspondingrectangles Re and Re′ are at graph distance at least 2` from one another, hence F ceand F ce′ are independent. Given that Fe and Fe′ do not hold, the bond clusters in
Re and Re′ are coloured independently of each other. Keeping this in mind, a shortcomputation proves the independence of Ẽe and Ẽe′ under Pp,r, which implies the1-dependence of νp,r.Note also that the function f was chosen in such a way that if γ = f(ω) ∈
{0, 1}E2 contains an in�nite open bond cluster, then ω contains an in�nite blackcluster. Such con�gurations have zero Pp,r-measure for r < rc(p). Finally, notethat Pp,r(Ẽe) is the same for all edges e ∈ E2. These observations combined withLemma 3.2.2 imply that, denoting 〈(0, 0), (0, 1)〉 ∈ E2 by e1, we have the followingresult.Proposition 3.2.3. Given any values of the parameters s, ` ∈ N, we have that if
p, r ∈ [0, 1] are such that

Pp,r(Ẽe1) ≥ 0.8639, (3.1)then rc(p) ≤ r.Proposition 3.2.3 is indeed a �nite size criterion since the event Ẽe1 dependson the state of a �nite number of edges and the colour of a �nite number ofvertices. Therefore, it will be possible to estimate its probability by a computer.



3.2. THEORETICAL BACKGROUND 57Henceforth, our plan is to �x p ∈ [0, 1/2), choose s = s(p), ` = `(p) depending on
p using heuristic arguments described in Section 3.4, and then, for di�erent valuesof r, test whether (3.1) holds by using random variables with uniform distributionon [0, 1] in the way described in Section 3.2.3. This will enable to give an upperbound for rc(p) with a very high con�dence level. A lower bound can be obtainedby methods described in Section 3.2.2.3.2.2 A lower bound for rc(p)It will be easy to give a lower bound for rc(p) by recalling the main result in Chapter2, namely that for all p ∈ [0, 1/2), the critical values rc(p) and r∗c (p) satisfy theduality relation

rc(p) + r∗c (p) = 1. (3.2)Therefore, an upper bound for r∗c (p) implies a lower bound for rc(p).An obvious upper bound for r∗c (p) is rc(p). However, a better bound can beobtained by a slight modi�cation of the approach given in the previous section. Foreach e ∈ E2, let Re and Fe be as in Section 3.2.1, de�ne E∗
e by substituting blackcomponent by black ∗-component (i.e., a set of black vertices that are connectedvia the edge set E2

∗ of the matching lattice Z2
∗ of Z2, see Section 2.1.1) in thede�nition of Ee, and take Ẽ∗

e = E∗
e ∩ F ce . Then, by similar arguments to thosebefore Proposition 3.2.3, and (3.2), we have the following.Proposition 3.2.4. Given any values of the parameters s, ` ∈ N, we have that if

p, r ∈ [0, 1] are such that
Pp,r(Ẽ

∗
e1) ≥ 0.8639,then r∗c (p) ≤ r and hence rc(p) ≥ 1 − r.3.2.3 The con�dence intervalLet us �x p ∈ [0, 1/2), choose s = s(p), ` = `(p) as given in Section 3.4, andde�ne the rectangle R̃e1 = [0, 2s + 4`] × [0, s + 2`]. Note that for a con�guration

ω ∈ {0, 1}Z
2 × {0, 1}E2 one can decide if ω ∈ Ẽe1 (respectively ω ∈ Ẽ∗

e1) holds bychecking the restriction of ω to R̃e1 . In fact, de�ning G̃ = (Ṽ , Ẽ) as the minimalsubgraph of Z2 which contains R̃e1 and considering the DaC(1) model on G̃, itis easy to see that for any r ∈ [0, 1], we have that PG̃p,r(Ẽe1 ) = Pp,r(Ẽe1) and
PG̃p,r(Ẽ

∗
e1 ) = Pp,r(Ẽ

∗
e1 ). Therefore, by Propositions 3.2.3 and 3.2.4,

PG̃p,r(Ẽe1 ) ≥ 0.8639 (3.3)would imply rc(p) ≤ r, and
PG̃p,r(Ẽ

∗
e1 ) ≥ 0.8639 (3.4)



58 CHAPTER 3. CONFIDENCE INTERVALS FOR THE CRITICAL VALUESwould imply that r∗c (p) ≤ r. Below we shall describe a method which tests whether(3.3) or (3.4) holds, simultaneously for all values of r ∈ [0, 1].We construct the DaC(1) model on G̃ with parameters p and an arbitrary
r ∈ [0, 1] as follows. Fix a deterministic ordering of the vertices in G̃. To the edges
e ∈ Ẽ , we associate i.i.d. random variables Ye which take value 1 with probability
p, and 0 with probability 1 − p. To the vertices v ∈ Ṽ we assign, independently ofthe Y variables and of each other, random variables Uv with uniform distributionon the interval [0, 1]. We get a bond con�guration η ∈ {0, 1}Ẽ by taking η(e) = Yefor all e ∈ Ẽ . Then, to each bond cluster C in η, we assign a colour dependingon the U -value of the vertex v which is the �rst in the previously de�ned orderingamong the vertices in C, in the following way. For all vertices w in C, we de�ne
ξr(w) = 1 if Uv < r, otherwise we de�ne ξr(w) = 0. It is easy to see that thisconstruction gives the correct distribution.The only question that we are interested in is for what values of r does (ξr, η) ∈
Ẽe1 (respectively, (ξr , η) ∈ Ẽ∗

e1) hold. The �rst step is to look at the edges in η in
R̃e1 \Re1 to see if there is a bond cluster which connects Re1 and the boundary of
R̃e1 . If no such connection is found, it is easy to see that there exists a thresholdvalue r1 = r1(Y, U) ∈ [0, 1] such that for all r ∈ [0, r1), (ξr , η) /∈ Ẽe1 , and for all
r ∈ (r1, 1], we have that (ξr , η) ∈ Ẽe1 . Indeed, the colour con�gurations are coupledin such a way that if r′ ≥ r, then all vertices that are black in ξr are black in ξr′as well. Therefore, if (ξr , η) ∈ Ẽe1 , then (ξr′ , η) ∈ Ẽe1 . A similar argument showsthat in case of η /∈ Fe1 , there exists r∗1 = r∗1(Y, U) ∈ [0, 1] such that (ξr, η) /∈ Ẽ∗

e1for all r ∈ [0, r∗1) whereas (ξr, η) ∈ Ẽ∗
e1 for all r ∈ (r∗1 , 1]. Otherwise, i.e., if there isa connection in η between Re1 and the boundary of R̃e1 , we know that none of Ẽe1or Ẽ∗

e1 has occurred. Hence, in that case, we de�ne r1 = r∗1 = 1, and we save somecomputation time by not assigning random variables to the vertices in Ṽ , and notcolouring the vertices.Now if we want a con�dence interval with con�dence level 1 − ε where ε > 0is �xed, we choose positive integers m and n in such a way that the probabilityof having at least m successes among n Bernoulli experiments with success proba-bility 0.8639 each is smaller than (but close to) ε/2. For instance, for a 99.9999%con�dence interval, we can choose n = 400 and m = 373.By repeating the above experiment n times, each time with random variablesthat are independent of all the previously used ones, we obtain threshold values
r1, r2, . . . , rn and r∗1 , r∗2 , . . . , r∗n. Then we sort them so that r̃1 ≤ r̃2 ≤ ... ≤ r̃n, and
r̃∗1 ≤ r̃∗2 ≤ ... ≤ r̃∗n. We have the following.Proposition 3.2.5. Each of rc(p) ≤ r̃m and 1− r̃∗m ≤ rc(p) occurs with probabilityat least 1 − ε/2, hence [1 − r̃∗m, r̃m] is a con�dence interval for rc(p) of con�dencelevel 1 − ε.Before turning to the proof, we remark that the above con�dence interval does



3.2. THEORETICAL BACKGROUND 59not necessarily provide meaningful information. In fact, with very small (< ε)probability, r̃m < 1 − r̃∗m can occur. Otherwise, for unreasonable choices of s(p)and `(p), taking a too small `(p) in particular, it could happen that there is aconnection in the bond con�guration between Re1 and the boundary of R̃e1 in atleast n−m+ 1 experiments out of the n, in which case [1− r̃∗m, r̃m] = [0, 1] indeedcontains rc(p) but gives no new information.However, the real di�culty is that although a con�dence interval with an arbi-trarily high con�dence level can be obtained with the above algorithm, we do notknow in advance how wide the con�dence interval is. The width of the interval de-pends on s(p) and `(p), and it is a di�cult problem to �nd good parameter values.A way to make the con�dence interval narrower is to decrease the value of m, butthat comes at the price of having a lower con�dence level.Proof of Proposition 3.2.5. Let S be the probability measure on the sam-ple space [0, 1]2n which corresponds to the above experiment, where a realisa-tion (r̃1, r̃
∗
1 , r̃2, r̃

∗
2 , . . . , r̃n, r̃

∗
n) contains the (already ordered) threshold values. Let

B0.8639 denote the binomial distribution with parameters n and 0.8639 and Ba(r)the binomial distribution with parameters n and a(r) = PG̃p,r(Ẽe1).For r ∈ [0, 1], let Nr denote the number of trials among the n such that Ẽe1occurs at r. Note that Nr has distribution Ba(r). Since a(r) ≥ 0.8639 implies
r ≥ rc(p) (see inequality (3.3)), we have that r < rc(p) implies a(r) < 0.8639,therefore for all r < rc(p), Ba(r) is stochastically dominated by B0.8639. Thisimplies that for all r < rc(p) we have that

S(r̃m < r) ≤ S(Nr ≥ m)

= Ba(r)({m,m+ 1, . . . , n})
≤ B0.8639({m,m+ 1, . . . , n})
≤ ε/2,by the de�nition of m and n.Hence, for all δ > 0, we have that S(r̃m < rc(p)− δ) ≤ ε/2, which easily impliesthat S(r̃m < rc(p)) ≤ ε/2. We also have S(r̃∗m < r∗c (p)) ≤ ε/2 by a completelyanalogous computation, which implies by equation (3.2) that S(1 − r̃∗m > rc(p)) ≤

ε/2. Therefore, we have that
S(1 − r̃∗m ≤ rc(p) ≤ r̃m)) ≥ 1 − ε,which is exactly what we wanted to prove. 2



60 CHAPTER 3. CONFIDENCE INTERVALS FOR THE CRITICAL VALUES3.3 Results of the simulationsWe implemented the method described in the previous section in a computer pro-gramme, and the results for parameter values ε = 10−6, n = 400, m = 373 aregiven below. We stress again that although the method in Section 3.2.3 that deter-mines a con�dence interval for rc(p) is mathematically rigorous, the results beloware obtained by using the random number generator [75], therefore their correct-ness depends on �how random� the generated numbers are. The simulations ran onthe computers of the university ENS Lyon, and yielded the results in Figure 3.3.
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Figure 3.3: Simulation results at di�erent values of p < 1/2. The (midpoints of the)squares represent the lower bounds, and the triangles represent the upper boundsof 99.9999% con�dence intervals for rc(p).Having looked at Figure 3.3, we conjecture the following concerning the be-haviour of rc(p) as a function of p.Conjecture 3.3.1. In the interval p ∈ [0, 1/2), rc(p) is a strictly decreasing func-tion of p, and limp→1/2− rc(p) = 1/2.Since it is rigorously known that rc(0) (which is in fact the critical value forBernoulli site percolation on Z2) is strictly greater than 1/2 (see, e.g., [49]), and by



3.4. CHOICE OF THE PARAMETERS 61Corollary 2.1.4 we have rc(p) ≥ 1/2 for all p ∈ [0, 1/2), Conjecture 3.3.1 includesthat rc(p) > 1/2 for all p < 1/2. This suggests that the DaC(1) model on Z2is qualitatively di�erent from the DaC(1) model on the triangular lattice, wherethe critical value of r is 1/2 for all subcritical p (see Theorem 2.1.6). However,
limp→1/2− rc(p) = 1/2 would mean that the di�erence disappears as p tends to 1/2.The fact that the di�erence should disappear was conjectured by Vincent Be�araand Federico Camia based on the following heuristic reasoning. Near p=1/2, thestructure of the random graph R̄ (whose vertices correspond to the bond clusters,and there is an edge between two vertices if the corresponding bond clusters areadjacent in Z2) is given by the geometry of �near-critical percolation clusters,�which should be universal. This suggests that the critical r for p close to its criticalvalue should not depend much on the original underlying lattice.3.4 Choice of the parametersThe concrete value of s(p) and `(p) will not a�ect the correctness of the results.However, a reasonable choice is important for the tightness of the bounds obtainedand the e�ciency of the algorithm, i.e., the running time of the programme. Theheuristic arguments given here are somewhat arbitrary, and it is quite possible thatthere exist other choices that would give at least good as results as ours.Choice of the parameter s(p). In order to obtain con�dence intervals of similarwidth for all values of p, we set s(p) in such a way that the number of bond clustersin the graph G̃ (de�ned in Section 3.2.3) is approximately the same, about 106, forall p ∈ [0, 1/2). For this, it is useful to know the mean number of bond clusters pervertex, c(p). Indeed, the number of bond clusters in G̃ is approximately 2s(p)2c(p),hence s(p) = 1000(2c(p))−1/2 seems to be a reasonable choice. Of course, dependingon the speed of the computer, one may want to increase or decrease the factor
1000. An approximation of c(p) (see Figure 3.4) can be very simply obtainedby simulation as it only requires to simulate independent bond percolation ona large piece of the graph Z2. Since the slowest step of the algorithm, whichessentially determines the computation time, is site percolation on the randomgraph R̄ given by the bond con�guration (see Section 3.3), keeping the same numberof bond clusters in G̃ also ensures that the running time is roughly the same forall p ∈ [0, 1/2).Choice of the parameter `(p). Having set s(p) as above, we want to choose
`(p) so that the probability of Ẽe1 is as high as possible. In particular, we donot want the event Fe1 to happen, hence a large `(p) is needed. But it shouldnot be too large either, since then the probability of Ee1 would be small. We didsimulations to see how far the bond clusters reach from an s(p) by s(p) square,
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Figure 3.4: Mean number of bond clusters per vertex.and took the greatest value d(p) such that in at most 5% of the experiments therewas an open path between the left side of the square and a vertex at distance d(p)from it. Then we set `(p) = 2d(p).



Chapter 4Critical Ising percolation4.1 Motivation and backgroundIf one considers the percolation properties of spin clusters, the high temperature(β < βc) Ising model on the triangular lattice T with no external �eld showscritical behaviour in the sense that the mean spin cluster size is divergent andthe probability that two spins are in the same spin cluster has a power law de-cay (see [51]). The relevant universality class is conjectured to be that of two-dimensional Bernoulli (independent) percolation. This conjecture includes conver-gence of certain interfaces to SLE6 in the scaling limit, and appears in severalplaces; see, e.g., [65, 84, 86, 7]. A renormalisation group analysis of the percolationproperties of the Ising model on T, supporting the conjecture, can be found, forinstance, in [69] and in Section III of [80].In this chapter we give a di�erent justi�cation of the above conjecture as follows.Recall that the Ising model at inverse temperature β and no external �eld can beobtained via the Fortuin-Kasteleyn (FK) random-cluster model with q = 2 anddensity of open edges p = 1 − e−β by assigning spin +1 or −1 to each vertex insuch a way that (1) all the vertices in the same FK cluster (i.e., bond cluster)get the same spin and (2) +1 and −1 have equal probability. We generalise thisprocedure by assigning spin +1 with probability r and −1 with probability 1 − r,with r ∈ [0, 1], while keeping condition (1). For �xed β, this generates a dependent(spin) percolation model with parameter r, which is equivalent to the DaC(2) modelwith s = 2 colours at p = 1 − e−β (the only di�erence being that the state spacehere is {−1,+1}), hence we shall refer to it as the DaC(2) model with parameters
β and r. We show that, on the triangular lattice and for β < βc, this model has apercolation phase transition at r = 1/2, corresponding to the Ising model.The DaC(2) model can be viewed as Bernoulli site percolation on the random63



64 CHAPTER 4. CRITICAL ISING PERCOLATIONgraph R̄ whose vertices correspond to the FK clusters, and with an edge betweentwo vertices if the corresponding FK clusters are adjacent in T. Therefore, ourmain result shows that the high temperature Ising model on T actually is criticalBernoulli percolation on a random graph. This interpretation supports the aboveconjecture and provides a new perspective on the convergence of interfaces to SLE6in the scaling limit. As a by-product, we �nd that for almost every realisation ofthe random graph R̄, the percolation critical value is 1/2.It is interesting to compare our result to a result of Higuchi, who has extensivelystudied the percolation properties of the two-dimensional Ising model (see [58, 59,60, 61, 62]). If one considers the Ising model on the square lattice Z2 at inversetemperature β with an external �eld h, then there exists a critical value hc(β) suchthat for all h > hc(β), there is an in�nite cluster of +1 spins, whereas there is nosuch in�nite cluster for h < hc(β). Similarly, one can de�ne h∗c(β) as the criticalvalue for percolation of +1 spins in the matching lattice of Z2 which is obtainedby adding diagonal edges inside the faces of Z2. Higuchi showed in [62] that forall subcritical β, the duality relation hc(β) + h∗c(β) = 0 holds. (Note that since itis easier to percolate on the matching lattice than on Z2, it is not surprising that
h∗c(β) is negative.) His proof can be applied to the triangular lattice where, due tothe fact that the matching lattice of T is T itself, it gives hc(β) = 0 for all β < βc.Thus again the Ising model on T with no external �eld corresponds to the criticalpoint of a one-parameter family of models (in this case, the Ising model with anexternal magnetic �eld).Both our result and Higuchi's are meaningful for the conjecture at the begin-ning of this section in that they relate it to a more general one, namely that alltwo-dimensional percolation models with �short range� (including exponentiallydecaying) correlations between sites or bonds belong to the same universality classas Bernoulli percolation (see, e.g., [30]). In particular, it is believed that all suchmodels have the same scaling limit at the critical point. Although this conjecture iswidely believed, a general proof seems out of reach at the moment. However, sucha strong form of universality has indeed been proved for some speci�c models ofcorrelated percolation (see [28, 26, 23, 24, 15]). For the Ising model with an exter-nal �eld, exponential decay of correlations between sites for all β < βc and h ∈ Rwas proved in Theorem 2 in [61], whereas for the DaC(2) model, it immediatelyfollows from the exponential tail decay of the size of FK clusters for β < βc.Note, however, that our result is quite di�erent in spirit from Higuchi's. Indeed,a key feature of the DaC(2) model is that the bond clusters are not a�ected bya change in r, which enables us to view the model as Bernoulli percolation on arandom lattice. Such a picture does not hold for the one-parameter family obtainedby changing the external �eld h, since a change in h also a�ects the FK clusters. Inthe random lattice interpretation, changing h changes the lattice itself and not justthe densities of the two spins. Therefore, our result provides the �rst direct linkbetween high temperature Ising percolation on T and critical Bernoulli percolation.



4.2. MAIN RESULTS 65The proofs of the two results are very di�erent too. They both follow thestructure of Russo's formulation [83] of Kesten's proof of pc = 1/2 for independentbond percolation on Z2 (a version of which was sketched in Section 2.1.4), but inboth cases, sophisticated methods are required to deal with issues of dependence.Higuchi's proof makes heavy use of the Markovianness of the Ising model for allvalues of h, but in our model, this property holds only at r = 1/2, and fails forall other values of r (see Chapter 5). Therefore we instead utilise the fact that at
r = 1/2 our model coincides with the Ising model, so that we can use a lemma byHiguchi, together with new domination lemmas (presented in Section 4.4) whichenable us to get results for other values of r. This approach relies heavily on thefact that a change in r does not a�ect the underlying FK clusters that give thecorrelation structure.It is a natural and interesting question whether the DaC(2) measure with pa-rameters β, r and the Ising Gibbs measure with parameters β, h are stochasticallyordered (say, for appropriate values of r > 1/2 and h > 0). A positive answermight provide a di�erent proof of our main result. We (and other people) havethought about this question but were so far unable to give any answer.Finally, let us mention that van den Berg [11] has recently obtained a very in-teresting general result (the one that we referred to in the discussion after Theorem2.1.1) with an entirely di�erent proof that includes Higuchi's above mentioned re-sult as a special case. However, neither his result nor its proof seem to be su�cientto obtain the results in this chapter.In addition to our main result, we prove uniqueness of the in�nite +1 clusterfor r > 1/2, sharpness of the percolation phase transition (by showing exponentialdecay of the cluster size distribution for r < 1/2), and continuity of the percolationfunction for all r ∈ [0, 1].4.2 Main resultsWe work on the triangular lattice T with vertex set VT and edge set ET, and denotethe unique Ising Gibbs measure on T at inverse temperature β < βc and zeroexternal �eld by µβ . In order to set the notation that we use in this chapter, werecall certain properties of the random-cluster measures below.The random-cluster measures on edge con�gurations η ∈ {0, 1}ET (with theusual σ-�eld generated by cylinder events) are indexed by two parameters satisfying
0 ≤ p ≤ 1 and q > 0 (see [50] for the de�nition and some background; see alsoSection 5.2.1). We call an edge e ∈ ET open if η(e) = 1, and closed otherwise.The maximal connected components of the graph obtained by removing all theclosed edges from T are called FK clusters. For �xed q, there is a percolationphase transition at some 0 < pT

c (q) < 1. If p < pT

c (q), with probability one all FKclusters are �nite, moreover, there is a unique random-cluster measure which we



66 CHAPTER 4. CRITICAL ISING PERCOLATIONshall denote in this chapter by νp,q.When q = 2, which we will always assume from now on unless otherwise stated,one can generate an Ising spin con�guration σ ∈ {+1,−1}VT distributed accordingto µβ , β < βc, by drawing an edge con�guration according to νp,2 with p = 1−e−βand assigning spin +1 or −1 to each vertex of T in such a way that (1) all thevertices in the same FK cluster get the same spin and (2) +1 and −1 have equalprobability. Since pT

c (2) = 1 − e−βc , β < βc implies p < pT

c (2), so that νp,2 iswell-de�ned, and the FK clusters are all �nite with probability one.We generalise the above procedure as described in Section 4.1, and denoteby Pβ,r the corresponding joint measure 1. Clearly, the spin marginal of Pβ,1/2coincides with µβ . Note also that the spin marginal of P0,1/2 (equivalently, µ0)is a product measure and corresponds to critical Bernoulli site percolation on T.As soon as β > 0, however, the spins are correlated. Nonetheless, the exponentialtail decay of the FK cluster size distribution when β < βc (see [50]) immediatelyimplies the exponential decay of correlations in the measure Pβ,r.We call a maximal connected subset V of VT such that all vertices in V havethe same spin a spin cluster. If the spins in V are all +1 (respectively, −1), wecall V a (+)-cluster (resp., a (−)-cluster). Our aim is to study the percolationproperties of spin clusters. We denote by Θ(β, r) the Pβ,r-probability that a givenvertex of the triangular lattice is contained in an in�nite (+)-cluster, and de�ne
rc(β) = sup{r : Θ(β, r) = 0}. It follows from Proposition 2.1.8 that for all β < βc,we have rc(β) ≥ 1/2. The main result in this chapter is the following theorem.Theorem 4.2.1. For all β < βc, rc(β) = 1/2.Note that, for �xed β, r = 1/2 is the �self-dual point� of our model (see,e.g., [89] for the meaning and use of self-duality). Thus, Theorem 4.2.1 impliesthat the critical point of the model coincides with its self-dual point. This is inaccordance with a very natural principle which is believed to be valid in greatgenerality, but which has been veri�ed only in a handful of cases, including bondpercolation on the square lattice [67], site percolation (see [68]) and the DaC(1)model on the triangular lattice (see Theorem 2.1.6), and Voronoi percolation [19].The same principle should apply to other interesting models, such as the random-cluster model (see [50]), the DaC(q) models with q ≥ 1 (see Conjecture 2.1.7) and�confetti percolation� (see Problem 5 in [10]).We point out that, contrary to the model on T treated in this chapter, if oneconsiders the analogous DaC(2) model on the square lattice with a subcritical
β, the critical value of r is strictly greater than 1/2. This follows by standard1Strictly speaking, this is an abuse of notation since in principle Pβ,r could be confused with
Pp,r of Chapters 2,3, and similarly the critical point rc(β) and the percolation function Θ(β, r)de�ned below could be confused with rc(p) and Θ(p, r), respectively. Since in Chapter 4 we shallexclusively focus on the DaC(2) model, using the same letters as before (with the aim of keepingthe notation as simple as possible) will hopefully not be disturbing.



4.2. MAIN RESULTS 67methods from the exponential tail decay of the size of Ising spin clusters on Z2 athigh temperatures ([62, 11]).Theorem 4.2.1 concerns the joint measure Pβ,r, but, as anticipated, it has im-plications for the critical value of Bernoulli percolation on the realisations of therandom graph R̄. Let E+ be the event that there exists an in�nite (+)-clustersomewhere in T. By the ergodicity of Pβ,r for β < βc (which follows from the er-godicity of νp,2 for all p < pT

c (2), see [50]), we have that Pβ,r(E
+) is 1 for all r > 1/2and 0 for all r < 1/2. Let Θη,r denote the probability that in Bernoulli percolationon R̄(η) (which is the realisation of the random graph R̄ corresponding to a bondcon�guration η) with density r of +1 spins there is an in�nite (+)-cluster, andde�ne rηc = sup{r : Θη,r = 0}. Since Pβ,r(E

+) =
∫

Θη,rdνp,2(η) with p = 1 − e−β,the above observation implies that for νp,2-almost every bond con�guration η, theintegrand is 0 for all r < 1/2, and 1 for all r > 1/2. Therefore, we have thefollowing corollary of Theorem 4.2.1.Corollary 4.2.2. For all β < βc we have, with p = 1 − e−β, that
νp,2({η : rηc = 1/2}) = 1.We remark that the analogous statement is true for the DaC(1) model on Tas well (this follows from Theorem 2.1.6 in the same way as above). Therefore,we have identi�ed a wide range of graphs that have a critical percolation value

1/2, namely almost all random graphs R̄ that come up in DaC models when thedividing distribution is subcritical Bernoulli bond percolation or the random-clustermeasure νp,2 with p < pT

c (2).Combining Theorem 4.2.1 with results in Chapter 2 (see the end of Section4.5 below), we next obtain the percolation phase diagram in the whole high tem-perature regime (β < βc), which is qualitatively the same as for Bernoulli sitepercolation on T (which corresponds to the special case β = 0 of our model). Dueto the +/− symmetry of the model, we focus without loss of generality on thebehaviour of (+)-clusters. By the size of a cluster we mean the number of verticesin the cluster.Theorem 4.2.3. For all β < βc, there is a sharp phase transition at rc(β) = 1/2in the following sense.
• If r < 1/2, the distribution of the size of the (+)-cluster of the origin has anexponentially decaying tail.
• If r = 1/2, Θ(β, 1/2) = 0 and the mean size of the (+)-cluster of the originis in�nite.
• If r > 1/2, there exists a.s. a unique in�nite (+)-cluster.Moreover, for each β < βc, Θ(β, r) is a continuous function of r ∈ [0, 1].



68 CHAPTER 4. CRITICAL ISING PERCOLATIONA brief outline of Chapter 4 is given as follows. In Section 4.3, we introducesome more de�nitions and notation, and we collect results which are either knownor can be proved by standard methods, including a result by Higuchi [61] about theIsing model. We shall use them later, together with the standard Edwards-Sokalcoupling [33] and results described in Section 4.4, which contains some technicallemmas and an overview of the proof of Theorem 4.2.1. In Section 4.5, we proveTheorem 4.2.1 and sketch the proof of Theorem 4.2.3.4.3 Preliminaries4.3.1 Notation and de�nitionsWe shall again use the coordinate system for the lattice T that we de�ned in Section2.2.1. The state space of our con�gurations is denoted by Ω = ΩC × ΩD, where
ΩC = {−1,+1}VT corresponds to the spin con�gurations, and ΩD = {0, 1}ET is theset of random-cluster realisations. The probability measure Pβ,r is the measure(on the usual σ-algebra on Ω) obtained by the procedure described in Section 4.2;we denote the expectation with respect to Pβ,r with Eβ,r.The set Ω̃, the relation “ ≥ ” on Ω̃, increasing and decreasing events, paths,horizontal and vertical crossings, the parallelogram Sn,m, the disc B(v, n) of radius
n with centre v, the internal vertex boundary δA and the edge boundary ∆A of avertex set A, and (the interior and exterior of ) barriers are de�ned and denotedexactly as in Section 2.2.1. The de�nition of (+)-objects (i.e., (+)-path, horizontaland vertical (+)-crossings, (+)-clusters) are analogous to that of the black objects,and the de�nition of (−)-objects is analogous to that of white objects in Section2.2.1.In the notation of events, we replace b and w by (+) and (−) respectively,e.g. V +

n,m denotes that there is a vertical (+)-crossing in the parallelogram Sn,m.Another notational di�erence is that henceforth we denote for v ∈ VT the set ofvertices that can be reached from v using edges that are open in the underlyingrandom-cluster realisation by CFKv , and call it the FK cluster of v to emphasisethat the dividing distribution is an FK measure. Then we de�ne the dependencerange D(v) of a vertex v by replacing Cbond
v by CFKv in the de�nition given isSection 2.2.1.4.3.2 Preliminary resultsHere we collect the tools needed to prove Theorem 4.2.1. The �rst theorem in thissubsection follows from results in [2], and is stated explicitly e.g. in [50].Theorem 4.3.1. If p < pT

c (2), there exists ψ(p) > 0 such that for all n,
νp,2(D(0) ≥ n) ≤ e−nψ(p).



4.3. PRELIMINARIES 69Another property of the random-cluster measures is that for e ∈ ET the condi-tional measure νp,q(· | η(e) = 0) can be interpreted as a random-cluster measurewith the same parameters p and q on the graph obtained from T by deleting e (see[50]). This property implies the following observation, which we state as a lemmafor ease of reference. For a generalisation of Lemma 4.3.2, see Lemma 5.3.6.Lemma 4.3.2. If B = {e1, . . . , ek} is a barrier, C(B) = ∩ki=1{η(ei) = 0}, E1 and
E2 are events which depend only on states of edges and spins of vertices in int(B)and ext(B) respectively, then conditioned on C(B), E1 and E2 are independent.In the proof of Theorem 4.2.1, we will use a version of Russo's formula fordecreasing events, hence we state the theorem in a slightly unusual form. For thede�nition of pivotality of FK clusters and a proof of Theorem 4.3.3, see Section2.2.2, in particular Remark 2.2.9.Theorem 4.3.3. Let W be a set of vertices with |W | < ∞, and let A be a de-creasing event that depends only on the spins of vertices in W . Then we havethat

d

dr
Pβ,r(A) = −Eβ,r(n(A)),where n(A) is the number of FK clusters which are pivotal for A.The following result, which is an analogue of Lemma 2.2.11, is a �nite sizecriterion for percolation.Lemma 4.3.4. There exists a constant ε > 0 with the following property. If

β, p = 1 − e−β and N ∈ {1, 2, . . .} satisfy that
(N + 1)(3N + 1)νp,2(D(0) ≥ N/3) ≤ εand that

Pβ,r(V
+
N,3N ) > 1 − ε,then Θ(β, r) > 0.As Lemma 2.2.11, this theorem can be proved by a coupling argument with a1-dependent bond percolation model. Theorem 4.3.1 and Lemma 4.3.4 imply thefollowing result.Theorem 4.3.5. For all β < βc, if lim sup

n→∞
Pβ,r(V

+
n,3n) = 1 for some r, then

Θ(β, r) > 0.



70 CHAPTER 4. CRITICAL ISING PERCOLATION4.3.3 Cut pointsWe shall use (a slightly modi�ed version of) a result of Higuchi from [61] (see alsoProposition 4.2 in [62]) about the Ising model. In order to state the theorem, weneed a few de�nitions. For positive integer values of k, let Rn,kn be the collectionof all horizontal crossings in Sn,kn. For R ∈ Rn,4n, we denote the region in Sn,6n(note the di�erent side length) under R by L(R), the region in Sn,6n above R by
A(R), the parallelogram [bn1/4c, n−bn1/4c]×[0, 6n] by S′

n,6n, and the parallelogram
[2bn1/4c, n− 2bn1/4c]× [0, 6n] by S′′

n,6n. (For a ∈ R, we denote by bac the greatestinteger smaller than or equal to a.) Also, let D(R) denote the vertex set {v ∈
VT \ (A(R) ∩ S′

n,6n) : d(v, L(R) ∪ R) ≤ n1/4} (see Figure 4.1). We call a vertex
D(R)

S′′
n,6n

S′
n,6n

Sn,6n

R

Figure 4.1: Bottom part of the parallelogram Sn,6n. The lines inside Sn,6n parallelto the sides of Sn,6n represent the sides of the parallelograms S′
n,6n and S′′

n,6n. Thecurve from the left side of Sn,6n to its right side represents a horizontal crossing
R ∈ Rn,4n. The portion of R contained inside S′

n,6n together with the thick curverepresents the boundary of D(R).
x ∈ R a cut point of R in Sn,6n if there exists a (+)-path in A(R) ∩ S′′

n,6n from
[0, n] × {6n} to a neighbouring vertex of x (we use Higuchi's language althoughour de�nition is slightly di�erent). For a �xed R ∈ Rn,4n, we denote by c(R)the �maximal number of cut points in the middle part of R far enough from eachother,� that is, the cardinality of a maximal subset M(R) ⊂ R ∩ S′′

n,6n for whichthe following properties hold:
• every v ∈M(R) is a cut point of R in Sn,6n,
• for all v1, v2 ∈M(R), d(v1, v2) ≥ √

n.We shall next compute a lower bound for (a conditional expectation of) c(R) byusing the aforementioned result by Higuchi.Proposition 5.1 in [61] concerning the Ising model on Z2 essentially states that ifboth (+)-crossings and dual (−)-crossings in the long direction of 4n×n rectangleshave probability bounded away from 0, then for an arbitrary �xed horizontal cross-ing R in the lowest quarter of an n by n square S, irrespective of what the spins of



4.4. DOMINATION LEMMAS 71vertices in and below R are, the expected number of vertices v in R with a (+)-pathfrom a neighbour of v to the top of S is arbitrarily large for all n large enough. Acareful reading of the proof of this proposition shows that the same method workson the triangular lattice T. Moreover, we can take the parallelogram Sn,6n insteadof a square, consider a horizontal crossing R ∈ Rn,4n, condition on the spins ofvertices in D(R) instead of L(R) ∪R, require that the (+)-path from a neighbourof v ∈ R to the top of Sn,6n be in A(R) ∩ S′′
n,6n, and still conclude that, under theassumption that (+) and (−)-crossings in S3n,n have probabilities bounded awayfrom 0, the expected number of special vertices (which here are cut points of Rin Sn,6n) goes to in�nity as n → ∞. In fact, using Higuchi's notation in [61], wesee that since all the cut points considered in the proof are found inside annuli

A
′′′

j which are at distance at least 5/2 · 4j from one another (where only integers jsatisfying √
n ≤ 2 ·4j are considered � see (5.21) in [61]), all cut points consideredare automatically at distance at least 5/4 · √n from one another. Therefore, if Eβdenotes the expected value w.r.t. µβ , and FV denotes the σ-algebra generated by

{σ(x) : x ∈ V }, we have the following result.Proposition 4.3.6. Let β < βc and assume that there exists δ > 0 such that
min{µβ(H+

3n,n), µβ(H
−
3n,n)} ≥ δ (4.1)for every integer n ≥ 1. Then we have that

lim
n→∞

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ (c(R) | E) = ∞.Due to the self-matching property of T and the +/− symmetry of the model,for any n ≥ 1, we have that
µβ(H

+
n,n) = 1/2. (4.2)It follows from this observation and the RSW-type results in [58] (which apply to Tas well as to the square lattice) that condition (4.1) in Proposition 4.3.6 is satis�edwith a proper choice of δ. Furthermore, since r = 1/2 corresponds to the Isingmodel, for all β < βc, we have that

lim
n→∞

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ,1/2(c(R) | E) = ∞. (4.3)4.4 Domination lemmas4.4.1 Strategy of the proof of Theorem 4.2.1In order to motivate the technical results in this section, we give an informal(and somewhat imprecise) overview of proof of rc(β) ≤ 1/2 for β < βc. Thestructure of our proof of this fact is based on Russo's formulation [83] of Kesten's



72 CHAPTER 4. CRITICAL ISING PERCOLATIONcelebrated proof [67] of the analogous statement for bond percolation Z2. Theproof proceeds by contradiction, assuming that rc(β) > 1/2 and showing thatthis implies the existence of some ε > 0 such that, for all r ∈ [1/2, 1/2 + ε],the number of FK clusters which are pivotal for the event corresponding to thepresence of a (−)-crossing in a su�ciently large parallelogram SN,6N is very large(in expectation). By Russo's formula, the expected number of pivotal FK clustersequals the derivative of the probability of the crossing event. This leads to acontradiction since the probability of any event has to remain between 0 and 1,and so its derivative cannot be too large on an interval.This shows that the basic structure of this proof is the same as of the proof ofthe analogous statement for the DaC(1) model. The details of this proof howeverwill be quite di�erent. In particular, in the proof for the DaC(1) model given inChapter 2, we used several times the independence of the state of di�erent edges,which does not hold in the DaC(2) model. On the other hand, here we will be ableto exploit the relation between the DaC(2) and the Ising model, and apply (4.3)at a certain point of the proof. Now we turn to the details.We shall show in Section 4.5 that if we take β < βc and assume rc(β) > 1/2,then the probability of a horizontal (−)-crossing in the lower half SN,3N of theparallelogram SN,6N is bounded away from 0, uniformly for every r ∈ [1/2, rc(β)).We take r0 in that range and consider the lowest such crossing R and the union
UR of FK clusters of vertices in and below R, which is surrounded by a closedbarrier B. Since β < βc, the FK clusters �tend to be small.� Therefore, with highprobability, every edge of B is at most at distance N1/4 from the set of verticesin and below R. Assuming that this is the case, the internal vertex boundary of
int(B) contains exactly one horizontal crossing of SN,4N , which we call ΓB. Sincethe vertices in ΓB∩S′′

N,6N (i.e., the middle part of ΓB) are in FK clusters of verticesin the lowest horizontal (−)-crossing R, if v ∈ ΓB ∩ S′′
N,6N is a cut point of ΓB in

SN,6N , then CFKv is pivotal for H−
N,6N . Therefore, from this point on, our goal isto �nd a large number of cut points of ΓB in SN,6N in ΓB ∩ S′′

N,6N .In Section 4.3.3, we used Higuchi's results and the Edwards-Sokal coupling toobtain equation (4.3), which informally states that for β < βc and r = 1/2, for anyhorizontal crossing of a su�ciently large parallelogram, regardless of the values ofthe spins of vertices in and below the crossing, the expected number of cut pointsof the crossing is arbitrarily large. We would like to use this result to concludethat there are many cut points of ΓB in SN,6N in ΓB ∩ S′′
N,6N . We couple the

r = r0 and the r = 1/2 case by taking the same random-cluster con�guration in
ext(B) (which is allowed since B is a closed barrier), and assigning spins to theFK clusters as follows. We take i.i.d. random variables (V (CFKv ) : v ∈ ext(B))with uniform distribution on the interval [0, 1], and assign spin +1 to v if V (CFKv )is smaller than r0 or 1/2, respectively. Then, every vertex which is a cut point inthe r = 1/2 case is a cut point in the r = r0 (> 1/2) case as well since being a cut



4.4. DOMINATION LEMMAS 73point requires the presence of (+)-paths only, and every vertex in ext(B) whosespin is +1 at 1/2 has a +1 spin also at r0.We now would like to use (4.3), but we cannot do that immediately becauseat this point of the proof we have information on the FK clusters of vertices inand below R, and not only on spin values, as required by (4.3). To circumventthis problem, we will use the presence of the closed barrier B to show that havinginformation on the FK clusters of vertices in and below R does not create problems.Proving such a result requires a considerable amount of work, to which the rest ofSection 4.4 is dedicated.The proof of rc(β) ≤ 1/2 can be �nished from here as follows. First of all,it follows from Lemma 4.3.2 that turning the spin of every vertex in int(B) to
−1 does not change the expected number of cut points in ΓB ∩ S′′

N,6N . Then,Corollary 4.4.4 implies that this expected number is bounded below by the expectednumber without conditioning on B being closed. For the latter expected number,we can use (4.3) to conclude that the expected number of cut points in ΓB ∩S′′
N,6Nbecomes arbitrarily large as the size of the parallelogram increases, leading to thedesired contradiction, as discussed earlier.4.4.2 A barrier around −1 spinsOur goal in this section is to prove Corollary 4.4.4. We do this through threelemmas, using ideas from [7] and [66]. We need a property of the random-clustermeasure νp,q on T from [40] (see also [50]), namely that for all q ≥ 1, the so-called�FKG lattice condition� holds for νp,q. We use the following version of it: for any

E ⊂ ET, e ∈ ET \E, and ψ, ζ ∈ {0, 1}E with ζ ≥ ψ (coordinate-wise), we have that
νp,q(η(e) = 1 | η ≡ ζ on E) ≥ νp,q(η(e) = 1 | η ≡ ψ on E). (4.4)This property will play an important role in the following proofs. We state thefollowing lemmas for the measure Pβ,r, but in fact all statements in this sectionhold for all DaC(q) measures with q ≥ 1.Inequality (4.4) informally states that the more edges in a certain set E areopen, the more likely it is that other edges are open as well. The next lemma statesthat further conditioning on the left hand side on the event I that the vertices ofa certain set V all have the same spin κ leaves the inequality unchanged.Let V = {v1, v2, . . . , vk} ⊂ VT be a set of vertices, κ ∈ {−1,+1} a spin value,

E = {e1, e2, . . . e`} ⊂ ET a set of edges, s1, s2, . . . , s` ∈ {0, 1} and g1, g2, . . . , g` ∈
{0, 1} states, with gi ≥ si for all i. Consider the events I =

⋂k
i=1{σ(vi) = κ},

As =
⋂`
j=1{η(ej) = sj}, Ag =

⋂`
j=1{η(ej) = gj} (the case E = ∅, As = Ag = Ω̃ isalso allowed).Lemma 4.4.1. For all e ∈ ET \ E, we have that

Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As). (4.5)



74 CHAPTER 4. CRITICAL ISING PERCOLATIONProof. Since
Pβ,r(η(e) = 1 | Ag, I) =

Pβ,r(η(e) = 1, Ag, I)

Pβ,r(Ag, I)

=
Pβ,r(I | η(e) = 1, Ag)

Pβ,r(I | Ag)
· Pβ,r(η(e) = 1 | Ag),and Pβ,r(η(e) = 1 | Ag) ≥ Pβ,r(η(e) = 1 | As) by (4.4), we have that (4.5) followsfrom

Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | Ag). (4.6)Since
Pβ,r(I | Ag) = Pβ,r(I | η(e) = 1, Ag)Pβ,r(η(e) = 1 | Ag)

+Pβ,r(I | η(e) = 0, Ag)Pβ,r(η(e) = 0 | Ag),we see that (4.6) is equivalent to
Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | η(e) = 0, Ag). (4.7)In order to show (4.7), we will �rst construct two coupled bond con�gurations,

ψ0 and ψ1, such that ψ0 has distribution νp,2(· | η(e) = 0, Ag), ψ1 has distribution
νp,2(· | η(e) = 1, Ag) (both with p = 1−e−β), and ψ0 ≤ ψ1. Such a coupling can beobtained by setting ψ0(ei) = ψ1(ei) = gi, ψ0(e) = 0, ψ1(e) = 1, then determiningthe states of the remaining edges one edge at a time in some deterministic order,using (4.4) at each step (for a precise way of doing this, see, e.g., the proof ofLemma 2 in [66]).Now notice that given a bond con�guration ψ, de�ning n(ψ) as the number ofFK clusters in ψ which contain vertices of V , the probability of I is simply cn(ψ),where c = r if κ = +1 and c = 1−r if κ = −1. Since n(ψ0) ≥ n(ψ1) and 0 ≤ c ≤ 1,this observation concludes the proof of (4.7) and thus the proof of Lemma 4.4.1. 2Now take E = {e1, e2, . . . , e`}, s1, s2, . . . , s`, As, Ag as before Lemma 4.4.1, andlet F = {f1, f2, . . . , fm} ⊂ ET be a set of edges such that F ∩E = ∅, and de�ne theevent C(F ) =

⋂m
i=1{η(fi) = 0}. Then, as an easy consequence of (4.4), we havethat for all q ≥ 1, e ∈ ET \ (E ∪ F ),
νp,q(η(e) = 1 | As) ≥ νp,q(η(e) = 1 | As, C(F )).The next lemma follows from this observation and Lemma 4.4.1.Lemma 4.4.2. For all e ∈ ET \ (E ∪ F ), we have that

Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As, C(F )).



4.4. DOMINATION LEMMAS 75Note that this statement is still an intuitively clear consequence of (4.4), sincethe additional conditioning on I (i.e., that certain vertices all have spin κ) on theleft hand side of (4.4) should intuitively increase the probability that other edgesare open, whereas the additional conditioning on C(F ) (i.e., having even moreedges closed) on the other side should intuitively decrease this probability.We are now ready to state the main result in this section, which immediatelyimplies the desired Corollary 4.4.4. Recall the de�nition of FV for V ⊂ VT rightbefore Proposition 4.3.6.Lemma 4.4.3. Let V = {v1, v2, . . . , vk} ⊂ VT be a connected set of vertices, andtake its edge boundary B = ∆V = {f1, f2, . . . , fm} ⊂ ET (which is a barrier).Consider the events I =
⋂k
i=1{σ(vi) = −1}, C(B) =

⋂m
j=1{η(fj) = 0}, and let

D ∈ FVT
be an increasing event. Then we have that

Pβ,r(D | C(B)) ≥ Pβ,r(D | I). (4.8)Proof. We prove (4.8) by constructing two coupled realisations (σC(B), ψC(B))and (σI , ψI) with distributions Pβ,r(· | C(B)) and Pβ,r(· | I) respectively, in sucha way that if D occurs in σI , it occurs in σC(B) as well.First, we construct the bond con�gurations ψC(B) and ψI one edge at a time,using Lemma 4.4.2 at each step, as follows. Fix a deterministic order of edges in
ET starting with edges incident on v1, v2, . . . , vk. Take a collection (U(e) : e ∈ ET)of i.i.d. random variables having uniform distribution on the interval [0, 1]. Westart with a situation where ψC(B)(e) and ψI(e) are undetermined for every edge,and determine the states of edges by the following iteration. We take the �rstedge in the deterministic order, and denote it by e1. We declare ψC(B)(e1) = 1if and only if U(e1) ≤ Pβ,r(η(e1) = 1 | C(B)), and ψI(e1) = 1 if and only if
U(e1) ≤ Pβ,r(η(e1) = 1 | I). Note that by Lemma 4.4.2, ψC(B)(e1) ≤ ψI(e1).Let us now assume that the states of e1, e2, . . . , ej are determined and that
ψC(B)(ei) ≤ ψI(ei) for all i ∈ {1, 2, . . . , j}. The next edge ej+1 is the next unde-termined edge in our deterministic order that shares a vertex with an edge whichis open in ψI . If no such edge exists, we simply take the next undetermined edge.Having chosen ej+1, we determine its state by de�ning ψC(B)(ej+1) = 1 ifand only if U(ej+1) ≤ Pβ,r(η(ej+1) = 1 | C(B),∩ji=1{η(ei) = ψC(B)(ei)}) (oth-erwise we assign ψC(B)(ej+1) = 0), and ψI(ej+1) = 1 if and only if U(ej+1) ≤
Pβ,r(η(ej+1) = 1 | I,∩ji=1{η(ei) = ψI(ei)}) (otherwise ψI(ej+1) = 0). By thehypothesis ψC(B)(ei) ≤ ψI(ei) for i ∈ {1, 2, . . . , j} and Lemma 4.4.2, we have that
ψC(B)(ej+1) ≤ ψI(ej+1).In this way, we obtain bond con�gurations ψC(B) with distribution Pβ,r(· |
C(B)) and ψI with distribution Pβ,r(· | I) such that ψC(B) ≤ ψI . Let us �x j∗ tobe the index of the last edge chosen by the iteration which is connected by a ψI -openedge path to any of the vertices v1, v2, . . . , vk. The �rst part of the iteration (i.e.,



76 CHAPTER 4. CRITICAL ISING PERCOLATIONbefore ej∗+1 is chosen) �explores� the FK clusters in ψI of the vertices v1, v2, . . . , vk,and when it ends, V is surrounded by a barrier B2 (which consists of edges from
e1, e2, . . . , ej∗) which is closed in ψI . Since ψI ≥ ψC(B), B2 is closed in ψC(B) aswell. Now denote the events ∩j∗i=1{η(ei) = ψC(B)(ei)} and ∩j

∗

i=1{η(ei) = ψI(ei)} by
AC(B) and AI respectively, and note that both of these events includes that B2 isclosed, and possibly additional information concerning the states of certain edgesin the interior of B2. Recall also that V is in int(B2), hence I ∈ Fint(B2), and
C(B) means that certain edges in the interior of B2 or in B2 are closed. Keepingin mind these observations and that ej∗+1 is in the exterior of B2, using Lemma4.3.2 multiple times yields that

Pβ,r(η(ej∗+1) = 1 | C(B), AC(B)) = Pβ,r(η(ej∗+1) = 1 | AC(B))

= Pβ,r(η(ej∗+1) = 1 | AI)
= Pβ,r(η(ej∗+1) = 1 | I, AI),which implies that ψC(B)(ej∗+1) = ψI(ej∗+1). Using essentially the same argument,it is easy to prove by induction that the remaining part of the iteration yields that

ψC(B) = ψI in ext(B2).We now de�ne the spin con�guration σI by assigning +1 with probability r, −1with probability 1 − r independently to the ψI FK clusters in ext(B2) (accordingto some deterministic order), and assigning σI(v) = −1 to each v ∈ int(B2).This gives the correct distribution since every vertex in int(B2) is in the same FKcluster as one of the vertices v1, v2, . . . , vk. We �nish the coupling by de�ning σC(B)in the following way. We assign +1 with probability r, −1 with probability 1 − rindependently to the ψC(B) FK clusters in int(B2) (according to some deterministicorder), and de�ne σC(B)(v) = σI(v) for all v ∈ ext(B2) (since ψC(B) = ψI in
ext(B2), we get the right distribution). Let us assume that D occurs in σI . It isimportant to notice that all vertices that have spin +1 in σI are in ext(B2), where
σC(B) = σI , so they have spin +1 also in σC(B). Since D is an increasing event,this observation shows that D occurs in σC(B) as well. This concludes the proof ofLemma 4.4.3. 2Corollary 4.4.4. If V = {v1, v2, . . . , vk} ⊂ VT is a connected set of vertices,
B = ∆V = {f1, f2, . . . , fm} ⊂ ET is its edge boundary, and we consider the events
I =

⋂k
i=1{σ(vi) = −1}, C(B) =

⋂m
j=1{η(fj) = 0}, and an increasing event D ∈

Fext(B), then we have that
Pβ,r(D | C(B), I) ≥ Pβ,r(D | I). (4.9)Proof. Since B is a barrier, I ∈ Fint(B), and D ∈ Fext(B), we have by Lemma4.3.2 that Pβ,r(D | C(B), I) = Pβ,r(D | C(B)). Therefore, Lemma 4.4.3 gives thestatement. 2



4.5. PROOFS OF THEOREMS 4.2.1�4.2.3 774.5 Proofs of Theorems 4.2.1�4.2.3By Theorem 4.3.5, rc(β) ≤ 1/2 (and thereby Theorem 4.2.1) follows from showingthat lim supn→∞ Pr(V
+
n,3n) = 1 when r = 1/2+ ε for all ε > 0. We shall prove thatthe assumption of the contrary implies the presence of too many pivotal FK clustersfor a certain event, leading to a contradiction. (For a more detailed summary ofthe proof, see Section 4.4.1.)Theorem 4.5.1. For any β < βc and ε > 0, we have that

lim sup
n→∞

Pβ,1/2+ε(V
+
n,3n) = 1.Proof. Let us assume that there exist β < βc, ε > 0 such that

lim sup
n→∞

Pβ,1/2+ε(V
+
n,3n) < 1, (4.10)and �x such a β and ε. We shall derive a contradiction from (4.10). Due to theself-matching property of T, (4.10) implies that there exists γ > 0 such that for all

n large enough,
Pβ,1/2+ε(H

−
n,3n) > γ. (4.11)By (4.11), monotonicity, (4.3), and elementary properties of the exponential func-tion, it is possible to choose an integer N large enough so that for n ≥ N , thefollowing inequalities hold:

Pβ,r(H
−
n,3n) > γ ∀r ∈ [1/2, 1/2 + ε], (4.12)

inf
R∈Rn,4n

inf
E∈FD(R)

Eβ,1/2(c(R) | E) > 2/(εγ), (4.13)
(n+ 1)(6n+ 1)e−n

1/4ψ(p) < γ/2, (4.14)where ψ(p) is the same as in Theorem 4.3.1. Fix such an N and an arbitrary
r0 ∈ [1/2, 1/2+ ε]. We shall show that, denoting the number of FK clusters whichare pivotal for H−

N,6N by n(H−
N,6N), we have
Eβ,r0(n(H−

N,6N )) > 1/ε. (4.15)For R ∈ RN,3N , we de�ne
B(R) = {B ⊂ ET : B is a barrier; δ(L(R) ∪R) ⊂ int(B);

∀ e ∈ B d(e, δ(L(R) ∪R)) ≤ N1/4;

δ (int(B)) contains exactly one horizontal crossing of SN,4N}.(The motivation for this de�nition is that since β < βc, FK clusters are small,hence with high probability, the �tightest� closed barrier surrounding L(R) ∪ R is



78 CHAPTER 4. CRITICAL ISING PERCOLATIONcontained in B(R).) For B ∈ B(R), we denote the horizontal crossing of SN,4Ncontained in δ (int(B)) by ΓB. We also de�ne l(R) to be the event that R is thelowest horizontal (−)-crossing in SN,6N . For R ∈ RN,3N , B ∈ B(R), we denote theunion of FK clusters ⋃v∈L(R)∪R C
FK
v by UR, the event ⋂v∈L(R)∪R{D(v) ≤ N1/4}by t(R), and consider the event

Q(R,B) = {l(R)} ∩ {B = ∆UR} ∩ {t(R)}.Then we obtain that
Eβ,r0(n(H−

N,6N)) ≥
∑

R∈RN,3N

∑

B∈B(R)

Eβ,r0(n(H−
N,6N ) | Q(R,B))

×Pβ,r0(Q(R,B))

≥
∑

R∈RN,3N

∑

B∈B(R)

Eβ,r0(c(ΓB) | Q(R,B))

×Pβ,r0(Q(R,B)) (4.16)where the second inequality follows from a pointwise comparison: conditioned on
Q(R,B), we have n(H−

N,6N) ≥ c(ΓB), due to the following reasons. Using thenotation from the de�nition of c(ΓB) (see Section 4.3.3), conditioned on Q(R,B),the FK cluster of every vertex v in M(ΓB) is pivotal for H−
N,6N since v is a cutpoint of ΓB in SN,6N , and R is the lowest horizontal (−)-crossing in SN,6N . It isimportant to note that every v ∈ M(ΓB) is indeed in the FK cluster of a vertexin R (i.e., of a vertex in the lowest horizontal (−)-crossing), not of a vertex in

L(R) (there is no other possibility due to {B = ∆UR}). This is the case since
M(ΓB) ⊂ ΓB ∩ S′′

N,6N � since none of the vertices below R has a dependencerange larger than N1/4, none of the FK clusters of the vertices in L(R) is largeenough to go around R and reach the middle part S′′
N,6N of the parallelogram

SN,6N . The last step necessary for proving the conditional pointwise comparisonis to notice that for v1, v2 ∈ M(ΓB), v1 6= v2, we have that CFKv1 6= CFKv2 since
d(v1, v2) ≥

√
N and, conditioned on Q(R,B), none of the vertices in L(R) ∪ Rhas a dependence range greater than N1/4. Therefore, di�erent vertices in M(ΓB)belong to di�erent pivotal FK clusters.The next step is to give a lower bound for the expectation via a comparisonwith the case with parameter r = 1/2. We shall �rst work with probabilities, thenwe will sum them up to get back the expectation. Let us denote (N + 1)(6N +

1) (i.e. the number of vertices in SN,6N) by K. For a barrier B, we de�ne theevents C(B) =
⋂

e∈B{η(e) = 0} and W (B) =
⋂

v∈int(B){σ(v) = −1}. Since forevery R ∈ RN,3N , B ∈ B(R), i ∈ {1, 2, . . . ,K}, we have that {c(ΓB) ≥ i} ∈
FA(ΓB)∩S′′

N,6N
⊂ Fext(B), {l(R) = R} ∈ FL(R)∪R ⊂ Fint(B), W (B) ∈ Fint(B), andthe event {B = ∆UR}∩{t(R)} depends on the state of edges in int(B) and B only,



4.5. PROOFS OF THEOREMS 4.2.1�4.2.3 79it follows from a repeated use of Lemma 4.3.2 that for all R,B, and i, we have that
Pβ,r0(c(ΓB) ≥ i | Q(R,B)) = Pβ,r0(c(ΓB) ≥ i | C(B))

= Pβ,r0(c(ΓB) ≥ i | C(B),W (B)). (4.17)Coupling the measures with r = r0 and r = 1/2 by taking the same bond con�gu-rations in ext(B) (see Section 4.4.1), we see that
Pβ,r0(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)). (4.18)Since for all i, {c(ΓB) ≥ i} ∈ Fext(B) is an increasing event, we can use Corollary4.4.4 to conclude that

Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i |W (B)). (4.19)Summing up for i ∈ {1, 2, . . . ,K}, using (4.17),(4.18),(4.19) and then (4.13), weobtain for every R ∈ RN,3N and B ∈ B(R) the lower bound
Eβ,r0(c(ΓB) | Q(R,B)) =

K
∑

i=1

Pβ,r0(c(ΓB) ≥ i | Q(R,B))

≥
K
∑

i=1

Pβ,1/2(c(ΓB) ≥ i |W (B))

= Eβ,1/2(c(ΓB) |W (B))

> 2/(εγ). (4.20)Finally we need to note that for a crossing R ∈ RN,3N , if t(R) occurs, then
∆UR ∈ B(R). Therefore,

∑

R∈RN,3N

∑

B∈B(R)

Pβ,r0(Q(R,B)) =
∑

R∈RN,3N

Pβ,r0(l(R) ∩ t(R))

≥ Pβ,r0(H
−
N,3N )

−Pβ,r0(
⋃

v∈Rn,6n

{D(v) > N1/4})

≥ γ − (N + 1)(6N + 1)νp,2(D(0) > N1/4)

≥ γ − (N + 1)(6N + 1)e−N
1/4ψ(p)

≥ γ/2,where we used the translation invariance of νp,2, (4.12), Theorem 4.3.1, and (4.14).Using (4.16), (4.20), and this computation, we obtain that
Eβ,r0(n(H−

N,6N)) >
∑

R∈RN,3N

∑

B∈B(R)

2/(εγ) Pβ,r0(Q(R,B))

≥ 2/(εγ) · γ/2 = 1/ε,



80 CHAPTER 4. CRITICAL ISING PERCOLATIONas desired.Since (4.15) can be proved for all r ∈ [1/2, 1/2 + ε] with the same method, weobtain by Theorem 4.3.3 that
sup

r∈[1/2,1/2+ε]

d

dr
Pβ,r(H

−
N,3N) < −1/ε,which leads to a contradiction since it yields that

Pβ,1/2+ε

(

H−
N,3N

)

≤ Pβ,1/2

(

H−
N,3N

)

+ ε sup
r∈[1/2,1/2+ε]

d

dr
Pβ,r(H

−
N,3N)

< Pβ,1/2

(

H−
N,3N

)

− 1.

2Sketch of the proof of Theorem 4.2.3. The exponential tail of the distributionof the size of the (+)-cluster of the origin for r < 1/2 can be proved similarly toTheorem 2.1.2. The statement concerning the critical case r = 1/2 has been provedin Proposition 2.1.8. We mention that one can obtain a polynomial lower bound forthe tail distribution of the (+)-cluster of the origin at r = 1/2 by using elementaryduality arguments only, see [51], p. 15. The ergodicity of Pβ,r for β < βc guaranteesthe presence of an in�nite (+)-cluster when r > 1/2.The uniqueness of the in�nite (+)-cluster follows from a result in [22], whichimplies that if a probability measure µ on {−1,+1}VT is translation-invariant andsatis�es the �nite energy condition [77], then µ-a.s. there exists at most one in�nitecluster of +1's. If β < ∞ and 0 < r < 1, then the spin marginal of Pβ,r clearlysatis�es both properties.The statement about the continuity of Θ(β, r) in r for β < βc follows from
Θ(β, 1/2) = 0 and the uniqueness of the in�nite (+)-cluster by standard methods(see [14]), in the same way as the analogous result Corollary 2.1.5 for the DaC(1)model follows from Lemma 2.4.4 and Theorem 2.1.3. 2Remark 4.5.2. In all the proofs in this chapter, positive association and RSW-type arguments are used for Pβ,r only at the critical point r = 1/2, never awayfrom it. This way of proving classical percolation results can be useful in the caseof models, like the present one, where the (conjectured) critical point has specialproperties and is better understood compared to other values of the parameter.



Chapter 5Gibbsianness andnon-Gibbsianness5.1 IntroductionIn this chapter, we study a topic that is di�erent from that of the previous chapters,namely Gibbsianness and non-Gibbsianness of DaC(q) measures. Since there willbe little overlap with previously discussed things, in order to enable reading thischapter independently of the others, we shall give the de�nition of every conceptthat we use in Chapter 5 even in cases when we could refer to other chapters.The DaC(q) model in its most general form is as follows. Let G = (V , E)be a (�nite or in�nite) locally �nite graph (see Section 5.2 for de�nitions). Fixparameters p ∈ [0, 1], q > 0 in such a way that there exists exactly one random-cluster measure for G with parameters p and q. We denote this measure by ΦGp,q.Fix also an integer s ≥ 2, and a1, a2, . . . , as ∈ (0, 1) such that ∑s
i=1 ai = 1, andde�ne the single-spin space S = {1, 2, . . . , s}, and the state space ΩG = ΩGC × ΩGDwith ΩGC = SV and ΩGD = {0, 1}E . Let Y be a random bond con�guration takingvalues in ΩGD with distribution ΦGp,q. Given Y = η for some η ∈ ΩGD, we constructa random ΩGC-valued spin con�guration X by assigning spin i ∈ S with probability

ai to each connected component in η (i.e., the same spin i to each vertex in thecomponent), independently for di�erent components. We write PGp,q,(a1,a2,...,as)for the joint distribution of (X,Y ) on Ω, and µGp,q,(a1,a2,...,as) for the marginal of
PGp,q,(a1,a2,...,as) on ΩGC .Let us now consider the (hypercubic) lattice with vertex set Zd and edge set Edwith edges between vertices at Euclidean distance 1. With an abuse of notation,we shall denote this graph by Zd, and the sets ΩZ

d

D ,Ω
Z

d

C and ΩZ
d by ΩD,ΩC and Ω,81



82 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSrespectively. This chapter is focused on the Gibbs properties and k-Markoviannessof the measure µZ
d

p,q,(a1,a2,...,as) in d ≥ 2 dimensions. Since the cases p = 0 or 1 aretrivial, we henceforth assume p ∈ (0, 1). We give results for q ≥ 1 only since muchmore is known about random-cluster measures with q ≥ 1 than with q < 1.We shall prove that, except in the special case of q = s and a1 = a2 = . . . = as(when the DaC(q) model coincides with the q-state Potts model on Zd at inversetemperature β = − log(1 − p)), the DaC(q) model is not k-Markovian for any k.For large values of p, µZ
d

p,q,(a1,a2,...,as) is not even quasilocal and is therefore not aGibbs measure, again with the exception of the Potts case. This shows that theGibbsianness of the Potts model at low temperatures is very sensitive with respectto perturbations in the assignment of the spin probabilities, even the smallestchange makes the model non-quasilocal. Some intuition behind this phenomenonwill be given after Lemma 5.3.3. By demonstrating the special role of the q-statePotts Gibbs measure among DaC(q) models, our result supports the view expressedin [34, 35] that, especially at low temperatures, Gibbsianness of measures is ratherthe exception than the rule. (For a related general result, see [64], where Israelproved that in the set of all measures Gibbsianness is exceptional in a topologicalsense.) However, if p is small enough, then Gibbsianness does hold. The proofof this fact uses the idea that at small values of p (which corresponds to hightemperatures in the (fuzzy) Potts model), the DaC(q) model is close in spirit toBernoulli site percolation on Zd.These results are in line with those in [56] (see also [73]) concerning the fuzzyPotts model, and in some cases, essentially the same proofs work in the current,more general situation. Therefore, at places only a sketch of the proof is given, andthe reader is referred to [56] for the details. Note, however, that such similaritiesare not at all immediate from the de�nition of the models. More importantly, inthe DaC(q) model, a distinction must be made between the case when ai ≥ 1/qfor all i, and when there exists j with aj < 1/q. In the former (of which the fuzzyPotts model is a special case), a rather complete picture can be given, whereas inthe latter, there is an interval in p where we do not know whether µZ
d

p,q,(a1,a2,...,as)is a Gibbs measure.Finally, we give a su�cient (but not necessary) condition for almost sure quasilo-cality of µZ
d

p,q,(a1,a2,...,as), and as an application, we obtain this weak form of Gibb-sianness in the two-dimensional case for a large range of parameters.5.2 De�nitions and main results5.2.1 Random-cluster measuresIn this section, we recall the de�nition of the Fortuin-Kasteleyn (FK) random-cluster measures, and those properties of these measures that are important for the



5.2. DEFINITIONS AND MAIN RESULTS 83rest of this chapter. For the proofs and much more on random-cluster measures,see, e.g., [50].De�nition 5.2.1. For a �nite graph G = (V , E) and parameters p ∈ [0, 1] and
q > 0, the random-cluster measure ΦGp,q is the measure on ΩGD which assigns to abond con�guration η ∈ ΩGD probability

ΦGp,q(η) =
qk(η)

ZGp,q

∏

e∈E

pη(e)(1 − p)1−η(e), (5.1)where k(η) is the number of connected components in the graph with vertex set Vand edge set {e ∈ E : η(e) = 1} (we call such components FK clusters throughout,edges with state 1 open, and edges with state 0 closed), and ZGp,q is the appropriatenormalising factor.This de�nition is not suitable for in�nite graphs. In that case, we shall requirethat certain conditional probabilities are the same as in the �nite case. A graphis called locally �nite if every vertex has a bounded degree. We shall denote bondcon�gurations throughout by η and ζ. For the restriction of a bond con�guration
η to an edge set H , we write ηH . For vertices v and w, we denote the edge between
v and w by 〈v, w〉. The following de�nition is taken from [56], and its equivalencewith a more common de�nition (where arbitrary �nite edge sets and not only singleedges are considered) is stated e.g. in Lemma 6.18 of [46].De�nition 5.2.2. For an in�nite, locally �nite graph G = (V , E) and parameters
p ∈ [0, 1], q > 0, a measure φ on ΩGD is called a random-cluster measure for Gwith parameters p and q if for any edge e = 〈x, y〉 ∈ E, and edge con�guration
ζ ∈ {0, 1}E\{e} outside e, we have that

φ({η ∈ ΩGD : η(e) = 1} | {η ∈ ΩGD : ηE\{e} = ζ}) =

{

p if ζ
x↔ y,

p
p+(1−p)q otherwise,where ζ

x↔ y denotes that there exists a path of edges between x and y in whichevery edge has ζ-value 1.It is not di�cult to prove that one gets the same conditional probabilities forrandom-cluster measures on �nite graphs, hence De�nition 5.2.2 is a reasonableextension of De�nition 5.2.1 to in�nite graphs.It is not clear from the de�nition that such measures exist. However, for Zd andfor q ≥ 1, two random-cluster measures can be constructed as follows ([48, 78, 20]).For a vertex set H ⊂ Zd, let ∂H denote the (external) vertex boundary of the set,that is, ∂H = {v ∈ Zd \ H : ∃w ∈ H such that 〈v, w〉 ∈ Ed}. De�ne, for
n ∈ {1, 2, . . .}, the set Λn = {−n, . . . , n}d, the graph Gn = (Vn, En) with vertex



84 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSset Vn = Λn ∪ ∂Λn and edge set En = {e ∈ Ed : both endvertices of e are in
Vn}. For n ∈ {1, 2, . . .}, let Wn be the event that all edges with both endverticesin ∂Λn are open, and let ΦGn,1

p,q be the measure ΦGn
p,q conditioned on Wn. Thenboth ΦGn

p,q and ΦGn,1
p,q converge weakly as n→ ∞; we denote the limiting measuresby ΦZ

d,0
p,q and ΦZ

d,1
p,q , respectively. ΦZ

d,0
p,q is called the free, and ΦZ

d,1
p,q is called thewired random-cluster measure for Zd with parameters p and q. These measuresare indeed random-cluster measures in the sense of De�nition 5.2.2, moreover, theyare extremal among such measures in the following sense.A natural partial order on the set ΩD = {0, 1}Ed of edge con�gurations is givenby de�ning η′ ≥ η for η, η′ ∈ ΩD if for all e ∈ Ed, η′(e) ≥ η(e). A function

f : ΩD → R is called increasing if η′ ≥ η implies f(η′) ≥ f(η). For probabilitymeasures φ, φ′ on ΩD, we say that φ′ is stochastically larger than φ if for all boundedincreasing functions f : ΩD → R, we have that
∫

ΩD

f(η) dφ′(η) ≥
∫

ΩD

f(η) dφ(η).For later purposes we mention that by Strassen's theorem [87] this is equivalentto the existence of an appropriate coupling of the measures φ′ and φ, that is, theexistence of a measure Q on ΩD × ΩD such that the marginals of Q on the �rstand second coordinates are φ′ and φ respectively, and Q({(η′, η) ∈ ΩD ×ΩD : η′ ≥
η}) = 1.It is well-known that ΦZ

d,0
p,q is the stochastically smallest, and ΦZ

d,1
p,q is thestochastically largest random-cluster measure for Zd with parameters p and q.Therefore, there exists a unique random-cluster measure for Zd with parameters pand q if and only if

ΦZ
d,0
p,q = ΦZ

d,1
p,q . (5.2)This is the case for any �xed q ≥ 1, except possibly for at most countably manyvalues of p. It is widely believed that for any q ≥ 1, there is at most one exceptional

p, which can only be the critical value pc(q, d) = sup{p : ΦZ
d,0
p,q ({η ∈ ΩD : 0 is in anin�nite FK cluster in η}) = 0}, where 0 denotes the origin in Zd. It is not di�cultto show that the choice of ΦZ

d,0
p,q in the de�nition is not crucial. That is, for anyrandom-cluster measure φ for Zd with parameters p and q, we have that

φ({η ∈ ΩD : 0 is in an in�nite FK cluster in η}){ = 0 if p < pc(q, d),
> 0 if p > pc(q, d).For the rest of this chapter, we shall assume without further mentioning thatparameters d, p, q for the DaC(q) model on Zd are always chosen in such a waythat (5.2) holds, and denote the unique random-cluster measure by ΦZ

d

p,q.For our main result, we need to consider the critical value in half-spaces as well.Let H+ = H+
d denote the subset of Zd which consists of the vertices whose �rst



5.2. DEFINITIONS AND MAIN RESULTS 85coordinate is strictly positive, and denote (1, 0, 0, . . . , 0) ∈ Zd by u1. For q ≥ 1, wede�ne pHc (q, d) = sup{p : ΦZ
d,0
p,q ({η ∈ ΩD : u1 is in an in�nite open path in η which iscontained in H+}) = 0}. It is obvious that pHc (q, d) ≥ pc(q, d). Equality of the twocritical values for q = 1 was proved by Barsky, Grimmett and Newman [9], for q = 2by Bodineau [16], and for very large values of q, it follows from the Pirogov-Sinaitheory (see the last paragraph of Section 2.3 in [16]). For general q ≥ 1, equality hasbeen conjectured ([79],[56],[16]), but no de�nite answer is known thus far. However,an upper bound of pHc (q, d) ≤ pc(1,d)q

pc(1,d)q+1−pc(1,d)
can be given easily, using that for

q ≥ 1, ΦZ
d,1
p,q is stochastically larger than ΦZ

d,1
p

p+(1−p)q
,1, and that pHc (1, d) = pc(1, d).Note that pc(1, d) is the critical value for Bernoulli bond percolation on Zd. It iswell-known (see, e.g., [49]) that for any d ≥ 2, 0 < pc(1, d) < 1. This implies thatthe above upper bound for pHc (q, d) is nontrivial.Finally, an important feature of the random-cluster measures ΦZ

d,0
p,q and ΦZ

d,1
p,qwith q ≥ 1 is that they satisfy the FKG inequality [40]. This in particular impliesthat for d ≥ 2, p ∈ [0, 1], q ≥ 1, for any edge set E ⊂ Ed, con�guration ζ ∈ {0, 1}Eon E, and A1, A2 ⊂ ΩD increasing events (we call an event A ⊂ ΩD increasing ifits indicator function is increasing, i.e., if η ∈ A and η′ ≥ η implies η′ ∈ A), wehave denoting B = {η ∈ ΩD : ηE = ζ} that

ΦZ
d,0
p,q (A1 ∩A2 | B) ≥ ΦZ

d,0
p,q (A1 | B)ΦZ

d,0
p,q (A2 | B). (5.3)5.2.2 Main resultsBefore stating the main results, let us give the relevant de�nitions. In this section,

µ denotes a probability measure on ΩC = SZ
d . Spin con�gurations will be denotedthroughout by ξ, σ, and κ, and the restriction of a spin con�guration ξ to a vertexset W by ξW . For a set W ⊂ Zd and a spin con�guration σ ∈ SW on W , wedefnie Kσ

W = {ξ ∈ ΩC : ξW = σ}. We shall use A ⊂⊂ B to denote that �A isa �nite subset of B� throughout. We denote the graph-theoretic distance on Zdby dist, and de�ne the distance of a vertex v ∈ Zd and a vertex set H ⊂ Zd by
dist(v,H) = min{dist(v, w) : w ∈ H}. For k ∈ {1, 2, . . .}, let ∂kH denote the
k-neighbourhood of H , that is, ∂kH = {v ∈ Zd : 1 ≤ dist(H, v) ≤ k}. Note that
∂1H = ∂H .Similarly to all DaC models, we usually want to view the DaC(q) model as adependent spin model on Zd, in which the only role of the edge con�guration is tointroduce the dependence. One of the �rst natural questions one may ask about aspin model is whether the �nite energy property of [77] holds. This turns out to bethe case, moreover, we can prove a stronger form of it, called uniform nonnullness.The proofs of all statements in this section will be given in Section 5.4.



86 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSDe�nition 5.2.3. µ is called uniformly nonnull if there exists an ε > 0 such thatfor all v ∈ Zd, m ∈ S, σ ∈ SZ
d\{v}, we have that
µ(Km

{v} | Kσ
Zd\{v}) ≥ ε.Proposition 5.2.4. For all d ∈ {1, 2, . . .}, q ≥ 1, p ∈ [0, 1), and arbitrary valuesof the other parameters, the measure µZ

d

p,q,(a1,...,as) is uniformly nonnull.The concept of k-Markovianness is concerned with the question whether verticesfarther than k from a set W have any in�uence on the spin con�guration in W .De�nition 5.2.5. For k ∈ {1, 2, . . .}, µ is called k-Markovian if for all W ⊂⊂ Zd,
κ ∈ SW , and σ, σ′ ∈ SZ

d\W such that σ∂kW = σ′
∂kW

, we have that
µ(Kκ

W | Kσ
Zd\W ) = µ(Kκ

W | Kσ′

Zd\W ).A weaker notion is that of quasilocality, where the above conditional probabili-ties do not need to be equal for any k, just their di�erence is required to tend to 0as k → ∞. Due to the compactness of SZ
d in the product topology, this amountsto the following.De�nition 5.2.6. µ is called quasilocal if for all W ⊂⊂ Zd, κ ∈ SW and σ ∈

SZ
d\W , we have that

lim
k→∞

sup
σ′∈Zd\W

σ′
∂kW =σ∂kW

|µ(Kκ
W | Kσ

Zd\W ) − µ(Kκ
W | Kσ′

Zd\W )| = 0.If the above equation holds for µ-almost all σ ∈ SZ
d\W , then µ is called almostsurely quasilocal.Finally, we need to say what we mean by Gibbsianness. Instead of the usualde�nition with absolutely summable interaction potentials (see, e.g., [45, 35]), weshall use a well-known characterisation (see [35], Theorem 2.12), namely that µ isa Gibbs measure if and only if it is quasilocal and uniformly nonnull.We are now ready to state our main result concerning k-Markovianness andGibbsianness of the DaC(q) model. The cases p = 0, 1 are trivial, therefore weassume p ∈ (0, 1). For �xed q, s, and a1, a2, . . . , as, recall that S = {1, 2, . . . , s},and de�ne S1/q = {i ∈ S : ai = 1/q}. The case S = S1/q is well understoodsince S = S1/q implies that s = q and a1 = a2 = . . . = as, in which case theprocedure de�ning the DaC(q) model gives the random-cluster representation ofthe Potts model. Therefore, for all p ∈ (0, 1), µZ

d

p,q,(1/q,1/q,...,1/q) equals a Gibbsmeasure for the q-state Potts model on Zd (at inverse temperature β = − log(1 −
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p)). It follows immediately from the standard de�nition of Potts Gibbs measureswith a Hamiltonian (see e.g. [46] for the de�nition) that all such measures areMarkovian (i.e., 1-Markovian). For an alternative proof of the Markovianness of
µZ

d

p,q,(1/q,1/q,...,1/q), see Remark 5.3.8. If S 6= S1/q, let ` ∈ S be an (for concreteness,the smallest) index such that a` = min{ai : i ∈ S \ S1/q}.Theorem 5.2.7. Assume that d ≥ 2, q ≥ 1, and that S 6= S1/q. Then we have thefollowing.1. For any values of p, a1, a2, . . . , as ∈ (0, 1), the measure µZ
d

p,q,(a1,...,as) is not
k-Markovian for any k ∈ {1, 2, . . .}.2. If a` > 1/q, then(a) for p < pc(qa`, d), µZ

d

p,q,(a1,...,as) is quasilocal, but(b) for p > pHc (qa`, d), it is not quasilocal.3. If a` < 1/q, then(a) if p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d) , then µZ
d

p,q,(a1,...,as) is quasilocal, whereas(b) if p > pc(1, d), it is not.Combining Theorem 5.2.7 with Theorem 5.2.4 and the earlier mentioned char-acterisation of Gibbs measures, we conclude the following.Corollary 5.2.8. If S = S1/q, and in cases 2(a) and 3(a) of Theorem 5.2.7, themeasure µZ
d

p,q,(a1,...,as) is a Gibbs measure, and in cases 2(b) and 3(b) of Theorem5.2.7, it is not a Gibbs measure.The question whether quasilocality is �seriously� violated in the cases when
µZ

d

p,q,(a1,...,as) is not a Gibbs measure (i.e., whether �bad� con�gurations are excep-tional or they actually occur) is related to that of percolation by the followingstatement, which is a generalisation of Proposition 3.7 in [55].Proposition 5.2.9. Consider the event E∞ = {ξ ∈ ΩC : ξ contains an in�-nite connected component of equal spins}. If the parameters p ∈ [0, 1], q ≥ 1, s ∈
{2, 3, . . .}, and a1, a2, . . . , as ∈ (0, 1) of the DaC(q) model are chosen in such a waythat

µZ
d

p,q,(a1,...,as)(E∞) = 0, (5.4)then µZ
d

p,q,(a1,...,as) satis�es almost sure quasilocality.



88 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSIt is easy to see that (5.4) is not a necessary condition for almost sure quasilo-cality. For instance, one can take d ≥ 2, q ≥ 1, p = 0, s = 2, and an a1 < 1 whichis greater than the critical value for Bernoulli site percolation on Zd. Then, al-though (5.4) fails, µZ
d

0,q,(a1,a2)
is Markovian (and therefore obviously almost surelyquasilocal). Despite this, Proposition 5.2.9 is not useless. We shall demonstratethis below by giving an application in the two-dimensional case. Häggström's re-sults in Section 3 of [54] imply that for d = 2, q ≥ 2, p < pc(q, d), if ai ≤ 1/2 forall i ∈ S, then (5.4) holds. Using the main result in [66], this can be extended to

d = 2, q ≥ 1, p < pc(q, d) with the same proof. Combining this with Proposition5.2.9, we obtain almost sure quasilocality when d = 2 for these parameters.Corollary 5.2.10. If q ≥ 1, p < pc(q, 2), and ai ≤ 1/2 for all i ∈ S, then
µZ

2

p,q,(a1,...,as) is almost surely quasilocal.5.3 Useful toolsHere we collect the lemmas needed for the proofs of the results in Section 5.2.2.The statements of the most important ones, Lemma 5.3.3 and Corollary 5.3.7, areproved for �nite graphs �rst, then a limit is taken. We shall have an appropriatelimiting procedure for q ≥ 1 only, and this is the reason why we need to restrictto this case in all our results. Throughout this and the next section, we shall usethe following notations. For a set W ⊂ Zd and a spin con�guration σ ∈ SW on
W , we denote CσW = {(ξ, η) ∈ Ω : ξW = σ}. Analogously, for E ⊂ Ed and a bondcon�guration ζ ∈ {0, 1}E on E, we denote Dζ

E = {(ξ, η) ∈ Ω : ηE = ζ}.For �xed parameters s ∈ {2, 3, . . .}, p, a1, a2, . . . , as, and q ≥ 1, the measure
PZ

d

p,q,(a1,...,as) can be obtained as a limit as follows. Let Gn = (Vn, En) be as inSection 5.2.1. Consider the DaC(q) model on Gn with the given parameters asde�ned in Section 5.1. Then the corresponding sequence of measures P
Gn

p,q,(a1,...,as)converges to PZ
d

p,q,(a1,...,as)
as n → ∞, in the sense that probabilities of cylindersets converge. Note that q ≥ 1 is needed to ensure the convergence of ΦGn

p,q to the(unique) random-cluster measure ΦZ
d

p,q, see Section 5.2.1.The next two lemmas, which give the conditional edge distribution in theDaC(q) model given any spin con�guration, are of crucial importance for the restof this chapter. The statements (and the proofs) are analogues of Proposition 5.1and Theorem 6.2 in [56]. For a graph G = (V , E) (where V and E are �nite or
V = Zd, E = Ed) and a spin con�guration ξ ∈ ΩGC we de�ne for all i ∈ S the vertexsets Vξ,i = {v ∈ V : ξ(v) = i}, edge sets Eξ,i = {e = 〈x, y〉 : x, y ∈ Vξ,i} and
Eξ,di� = E \ ∪si=1Eξ,i, and graphs Gξ,i = (Vξ,i, Eξ,i).Lemma 5.3.1. Let G = (V , E) be a �nite graph. Fix parameters p ∈ [0, 1], q >
0, s ∈ {2, 3, . . .}, a1, a2, . . . , as ∈ (0, 1) in such a way that ∑s

i=1 ai = 1, and an



5.3. USEFUL TOOLS 89arbitrary spin con�guration σ ∈ SV , and de�ne the event A = {(ξ, η) ∈ ΩG : ξ =
σ}. Then we have that(a) for all e ∈ Eσ,di�, PGp,q,(a1,...,as)({(ξ, η) ∈ ΩG : η(e) = 0} | A) = 1, and(b) for all i ∈ S, independently for di�erent values of i, on the set {0, 1}Eσ,i,the conditional distribution of PGp,q,(a1,...,as) given A is the random-clustermeasure ΦG

σ,i

p,qai
.Proof. Statement (a) is immediate from the de�nition of the model. Now let η ∈

ΩGD be such that η(e) = 0 for all e ∈ Eσ,di�. Denote by kσ,i(η) the number of con-nected components in η that have spin i in σ, and notice that k(η) =
∑s

i=1 k
σ,i(η).Using this observation, (5.1), and a rearrangement of the factors, we obtain

P((σ, η)) = ΦGp,q (η)

s
∏

i=1

a
kσ,i(η)
i

=
(1 − p)|E

σ,di�|
ZGp,q

s
∏

i=1

(

(qai)
kσ,i(η)

∏

e∈Eσ,i

pη(e)(1 − p)1−η(e)

)

,where we wrote P for PGp,q,(a1,...,as)
, and | · | for cardinality. Therefore,

PGp,q,(a1,...,as)
((σ, η) | A) =

s
∏

i=1

ΦG
σ,i

p,qai
(ηEσ,i)since the factor (1−p)|E

σ,di�|Qs
i=1 Z

Gσ,i

p,qai

ZG
p,qµ

G
p,q,(a1 ,...,as)

(σ)
is constant in η, thus it must be 1 to give aprobability measure. This proves statement (b). 2Remark 5.3.2. The fact that random-cluster measures factorise on disconnectedgraphs provides a simple way of drawing a random bond con�guration Y withdistribution PGp,q,(a1,...,as) given A. First, set Y (e) = 0 for all e ∈ Eσ,di�. Thenchoose any component C = (VC , EC) in the graph (V , E \ Eσ,di�). Notice that C isa maximal monochromatic component in G (with respect to σ); suppose that for all

v ∈ VC , σ(v) = i. Then, independently of everything else, draw YEC according tothe random-cluster measure ΦCp,qai
. Repeat this procedure with a new componentin (V , E \ Eσ,di�) until there are no more such components. Lemma 5.3.1 andthe observation at the beginning of this paragraph ensure that we get the correct(conditional) distribution.By using Lemma 5.3.1 and the limiting procedure for PZ

d

p,q,(a1,...,as), one obtainsanalogous statements for Zd in case of q ≥ 1, as follows.
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5.3. USEFUL TOOLS 91type, the �price of changing a spin� depends only on the existence or nonexistenceof connections in the edge con�guration. Since it looks somewhat specialised, andwill not be used until Section 5.4, the reader might choose to skip it for now.Lemma 5.3.4. Fix parameters d ≥ 2, q ≥ 1, p ∈ [0, 1), s, (a1, a2, . . . , as) of theDaC(q) model, and let i, j ∈ S be di�erent spins. Then there exist positive constants
ci,j1 = ci,j1 (p, q, ai, aj) and ci,j2 = ci,j2 (p, q, ai, aj) such that for any v ∈ Zd withnearest neighbours u1, u2, . . . , u2d and the edges between v and ui denoted by ei(i ∈ {1, 2, . . . , 2d}), we have for all σ ∈ SZ

d\{v} and ζ ∈ {0, 1}Ed\{e1,e2,...,e2d}satisfying1. σ(u1) = σ(u2) = i and σ(u3) = σ(u4) = . . . = σ(u2d) = j, and2. no two of u3, u4, . . . , u2d are connected in ζ,that
PZ

d

p,q,(a1,...,as)(C
i
{v} | Cσ

Zd\{v} ∩D
ζ
Ed\{e1,...,e2d}

)

PZd

p,q,(a1,...,as)(C
j
{v} | Cσ

Zd\{v}
∩Dζ

Ed\{e1,...,e2d}
)

=

{

ci,j1 if ζ
u1 ↔ u2,

ci,j2 otherwise.The exact values of ci,j1 and ci,j2 are
ci,j1 =

p2qai + 2p(1 − p)qai + (1 − p)2(qai)
2

(1 − p)2(qai)2
· ai
aj

·
(

(1 − p)qaj
p+ (1 − p)qaj

)2d−2and
ci,j2 =

p2 + 2p(1 − p)qai + (1 − p)2(qai)
2

(1 − p)2(qai)2
· ai
aj

·
(

(1 − p)qaj
p+ (1 − p)qaj

)2d−2

,and this shows that






ci,j1 > ci,j2 if and only if qai > 1,

ci,j1 = ci,j2 if and only if qai = 1,

ci,j1 < ci,j2 if and only if qai < 1.Lemma 5.3.4 will play a role in proving parts 1, 2(b), and 3(b) in Theorem 5.2.7.For the proof of 2(a) and 3(a), we shall need Lemma 5.3.10, which is preceded by afew de�nitions and another lemma. The next de�nition is motivated by Corollary5.3.7.De�nition 5.3.5. We call an edge set E = {e1, e2, . . . , ek} a barrier if removing
e1, e2, . . . , ek (but not their endvertices) separates the graph Zd into two or moredisjoint connected subgraphs. Note that exactly one of the resulting subgraphs is



92 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSin�nite, which we call the exterior of E, and denote by ext(E). We denote thevertex set of ext(E) by Vext(E), and the edge set of ext(E) by Eext(E). We callthe union of the �nite subgraphs the interior of E, and denote it by int(E), anduse Vint(E) and Eint(E) to denote its vertex and edge set respectively. Finally,
E = {e1, e2, . . . , ek} is called a closed barrier in a con�guration (ξ, η) ∈ Ω if Eis a barrier and η(ei) = 0 holds for all i ∈ {1, 2, . . . , k}, and it is called quasi-closed barrier if for all edges e = 〈x, y〉 ∈ E such that η(e) = 1, it is true that
ξ(x) = ξ(y) ∈ S1/q.Note that the edge boundary of a union of �nite spin clusters is a closed barrierand that all closed barriers are quasi-closed. According to Lemma 5.3.3, the statesof edges in spin i clusters where ai = 1/q are chosen independently of everythingelse, hence they should play no role in issues of dependence. We prove a formalstatement concerning this in the following lemma, and we show in Corollary 5.3.7a way to make use of this feature of the model. For an event A, we denote theindicator random variable of A by IA.Lemma 5.3.6. Let G = (V , E) be a �nite graph, V1, V2 ⊂ V a partition of V,and for i ∈ {1, 2}, de�ne edge sets Ei = {e ∈ E : both endvertices of e are in
Vi}, and graphs Gi = (Vi, Ei). De�ne also the edge set B = {e ∈ E : e hasone endvertex in V1 and one in V2}, a subset B0 ⊂ B, and for i ∈ {1, 2}, Wias the set of those endvertices of edges in B \ B0 that are in Vi. Fix parameters
p, q > 0, s, (a1, a2, . . . , as) of the DaC(q) model on G, and a spin con�guration
σ ∈ SW1∪W2

1/q such that for all e = 〈x, y〉 ∈ B \ B0 we have that σ(x) = σ(y).Considering the events C(B, σ) = {(ξ, η) ∈ ΩG : ηB0 ≡ 0, ξW1∪W2 = σ}, K1 =
{(ξ, η) ∈ ΩG1 : ξW1 = σW1}, K2 = {(ξ, η) ∈ ΩG2 : ξW2 = σW2}, and Z(B0) = {η ∈
{0, 1}B0

: η ≡ 0}, we have for each (ξ, η) ∈ ΩG that
PGp,q,(a1,a2,...,as)((ξ, η) | C(B, σ)) = P

G1

p,q,(a1,a2,...,as)
((ξV1 , ηE1) | K1)

×P
G2

p,q,(a1,a2,...,as)((ξV2 , ηE2) | K2)

×IZ(B0)(ηB0)
∏

e∈B\B0

pη(e)(1 − p)1−η(e).This implies in particular the conditional independence given C(B, σ) of the randomcon�gurations on G1 and on G2.Proof. Let us �x (ξ, η) ∈ ΩG. Note that
IC(B,σ)(ξ, η) = IK1(ξV1 , ηE1)IK2(ξV2 , ηE2)IZ(B0)(ηB0),hence if (ξ, η) /∈ C(B, σ) then we have that both sides of the equation that wewant to prove are 0, thus for all such con�gurations we indeed have equality of the



5.3. USEFUL TOOLS 93two sides. Therefore, let us assume that (ξ, η) ∈ C(B, σ). De�ne the event A =
{(κ, ζ) ∈ ΩG : there is no edge e = 〈x, y〉 ∈ E with ζ(e) = 1 and κ(x) 6= κ(y)}, anddenote the analogously de�ned subsets of ΩG1 and ΩG2 by A1 and A2 respectively.Since (ξ, η) ∈ C(B, σ), we have that

IA(ξ, η) = IA1(ξV1 , ηE1)IA2(ξV2 , ηE2).Therefore, if (ξ, η) /∈ A, we have 0 on both sides of the desired equation in Lemma5.3.6 by the de�nition of the model, so let us assume that (ξ, η) ∈ A.Now denote by n the total number of FK clusters in η, and for all i ∈ S,
j ∈ {1, 2} the number of FK clusters in η that contain a vertex in Vj with spin i in
ξ but no vertex inWj by nij , and for each i ∈ S the number of FK clusters in η thatcontain a vertex in W1∪W2 with spin i in ξ by ni3. Throughout this proof, we shallomit the subscripts of the joint measures in the DaC(q) models, e.g., we write PGfor the measure PGp,q,(a1,a2,...,as)

. Since (ξ, η) ∈ C(B, σ) ∩A, it immediately followsfrom the de�nition of PG and the de�nition (5.1) of random-cluster measures that
PG((ξ, η)) =

qn

ZGp,q
(
∏

e∈E

pη(e)(1 − p)1−η(e))(
s
∏

i=1

a
ni

1+n
i
2+ni

3
i ). (5.5)Note that E = E1 ∪ E2 ∪ B0 ∪ (B \ B0). Since (ξ, η) ∈ C(B, σ) ∩ A, we havethat ∏e∈B0 pη(e)(1 − p)1−η(e) = (1 − p)|B

0| where | · | denotes cardinality, and
n =

∑s
i=1 n

i
1 + ni2 + ni3. Furthermore, it is the case that

s
∏

i=1

(qai)
ni

1+n
i
2+ni

3 =

s
∏

i=1

(qai)
ni

1+ni
2 ,since for all i /∈ S1/q we have ni3 = 0, whereas for all i ∈ S1/q, we have qai = 1, so thefactor ∏s

i=1(qai)
ni

3 is indeed 1. Using these observations, we can factorise the ex-pression in (5.5). Indeed, denoting by c the quantity (1−p)|B0|/(ZGp,qP
G(C(B, σ))),which does not depend on (ξ, η), we have that

PG((ξ, η) | C(B, σ)) =
PG((ξ, η))

PG(C(B, σ))

= c

[

∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

1

]

×
[

∏

e∈E2

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

2

]

×





∏

e∈B\B0

pη(e)(1 − p)1−η(e)



 .



94 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSThe last part of the proof, namely to show that the expressions between the �rstand second pair of square brackets are c1PG1((ξV1 , ηE1) | K1) and c2PG2((ξV2 , ηE2) |
K2) respectively where c1 and c2 are constants (i.e., they do not depend on ξ or η)will be easy. It is su�cient to show the �rst one, since then the second one followsby relabeling V1 and V2. Let n4 denote the total number of FK clusters in ηE1 ,and for each i ∈ S, ni5 the number of FK clusters in ηE1 that contain a vertex in
W1 with spin i in ξV1 . Since (ξ, η) ∈ C(B, σ)∩A, we have that n4 =

∑s
i=1 n

i
1 +ni5.Similarly as in the paragraph after (5.5), we have that ni5 = 0 for all i /∈ S1/q and

qai = 1 for all i ∈ S1/q, hence
s
∏

i=1

(qai)
ni

1+ni
5 =

s
∏

i=1

(qai)
ni

1 .Denoting ZG1
p,qP

G1(K1) by c1, the above observations imply that
PG1((ξV1 , ηE1) | K1) =

PG1((ξV1 , ηE1))

PG1(K1)

=
qn4

c1

∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

a
ni

1+ni
5

i

=
1

c1

∏

e∈E1

pη(e)(1 − p)1−η(e)
s
∏

i=1

(qai)
ni

1 .Finally, notice that none of c, c1, c2 depends on (ξ, η), hence the product cc1c2must be equal to 1 to make PG(· | C(B, σ)) a probability measure. This observationcompletes the proof of Lemma 5.3.6. 2Lemma 5.3.6 combined with the limiting procedure for PZ
d

p,q,(a1,...,as) yields thefollowing result, which shows why quasi-closed barriers are useful.Corollary 5.3.7. Fix parameters d, p, q ≥ 1, s, and (a1, a2, . . . , as) of the DaC(q)model on Zd. Let (X,Y ) be a SZ
d ×{0, 1}Ed-valued random con�guration with dis-tribution PZ

d

p,q,(a1,...,as), B a barrier, and C(B) the event that B is quasi-closed.Then, given C(B), (XVint(B)
, YEint(B)

) and (XVext(B)
, YEext(B)

) are conditionallyindependent. In particular, for a set H ⊂ Zd and a spin con�guration σ ∈
SH , we have that the conditional distribution of (XVint(B)

, YEint(B)
) given C(B)and {(ξ, η) ∈ Ω : ξH = σH} is P

int(B)
p,q,(a1,...,as) conditioned on {(ξ, η) ∈ Ωint(B) :

ξH∩Vint(B)
= σH∩Vint(B)

}.Remark 5.3.8. As a �rst application of Corollary 5.3.7, we give a proof of theMarkovianness of the measure µZ
d

p,q,(1/q,1/q,...,1/q) that does not use the connection



5.3. USEFUL TOOLS 95between the DaC(q) and Potts models. Fix a �nite subset W of Zd. For any spincon�guration σ ∈ SZ
d\W outside W , we have that the edge set B = {e ∈ Ed : e hasone endvertex in ∂W and one in ∂2W \∂W} is a quasi-closed barrier since for eachedge e = 〈x, y〉 ∈ B, it is either the case that σ(x) 6= σ(y) and therefore e is closed,or σ(x) = σ(y) ∈ S1/q since S = S1/q. Therefore, we have by Corollary 5.3.7that for any spin con�gurations σ, σ′ ∈ SZ

d\W with σ′
∂W = σ∂W , the conditionaldistributions PZ

d

p,q,(1/q,1/q,...,1/q) given Kσ
Zd\W and PZ

d

p,q,(1/q,1/q,...,1/q) given Kσ′

Zd\Ware the same in SVint(B) × {0, 1}Eint(B). The statement follows.Roughly speaking, quasilocality of µZ
d

p,q,(a1,...,as)
means that the spin distributionin a set H does not depend on spins very far from H . Corollary 5.3.7 shows thatthis is the case ifH is surrounded by a quasi-closed barrier. The following de�nitionwill help us to localise quasi-closed barriers.De�nition 5.3.9. Let (X,Y ) be an SZ

d × {0, 1}Ed-valued random pair with dis-tribution PZ
d

p,q,(a1,...,as). Given (X,Y ) = (ξ, η) for some (ξ, η) ∈ Ω, let Ŷ ∈ {0, 1}Edbe de�ned by setting, for each e = 〈x, y〉 ∈ Ed,
Ŷ (e) =

{

0 if ξ(x) = ξ(y) ∈ S1/q,
η(e) otherwise.We write P̂Z

d

p,q,(a1,...,as) for the induced joint distribution of (X,Y, Ŷ ) on Ω̂ = SZ
d ×

{0, 1}Ed × {0, 1}Ed.Now recall the de�nition of ` ∈ S right before Theorem 5.2.7 and of CσW and
Dζ
E at the beginning of Section 5.3. The next lemma, which is a generalisationof Lemma 9.5 in [56], compares the conditional distribution of Ŷ given a spincon�guration and Ŷ outside a �nite edge set F to a random-cluster measure for Zdwith parameters p and qa` in case of a` > 1/q, and the conditional distribution of

Y given a spin con�guration and Y outside a �nite edge set F to a Bernoulli bondpercolation measure with parameter p
p+(1−p)qa`

if a` < 1/q.Lemma 5.3.10. Suppose that q ≥ 1 and S 6= S1/q. For any spin con�guration σ ∈
SZ

d, edge set F ⊂⊂ Ed, and edge con�gurations ζ, ζ′ ∈ {0, 1}Ed\F such that ζ′ ≥ ζ,denoting Â = {(ξ, η, η̂) ∈ Ω̂ : ξ = σ, η̂Ed\F = ζ} and A′ = {η ∈ ΩD : ηEd\F = ζ′},we have the following.1. If a` > 1/q, let φ be a random-cluster measure for Zd with parameters p and
qa`. Then the conditional distribution of φ given A′ is stochastically largerthan the marginal on Ŷ of P̂Z

d

p,q,(a1,...,as)
given Â.



96 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESS2. If a` < 1/q, the conditional distribution of the product measure ΦZ
d,1

p
p+(1−p)qa`

,1given A′ is stochastically larger than the marginal on Y of the conditionaldistribution of PZ
d

p,q,(a1,...,as)
given Cσ

Zd ∩Dζ
Ed\F

.Proof. First we prove part 1. By Holley's theorem (see [46], Theorem 4.8), it issu�cient to prove that for all a ∈ {0, 1}, e = 〈x, y〉 ∈ F , ζg, ζs ∈ {0, 1}F\{e} suchthat ζg ≥ ζs, denoting Bg = {η ∈ ΩD : ηF\{e} = ζg} and B̂s = {(ξ, η, η̂) ∈ Ω̂ :
η̂F\{e} = ζs}, we have that

φ({η ∈ ΩD : η(e) ≥ a} | A′ ∩Bg) (5.6)is greater than or equal to
P̂Z

d

p,q,(a1,...,as)({(ξ, η, η̂) ∈ Ω̂ : η̂(e) ≥ a} | Â ∩ B̂s). (5.7)This is obvious for a = 0. For a = 1, using the notation (η1; η2) for an edgecon�guration which agrees with η1 on Ed \ F and with η2 on F \ {e}, we have byDe�nition 5.2.2 of random-cluster measures that (5.6) equals






p if x (ζ′;ζg)↔ y,

p
p+(1−p)qa`

if x (ζ′;ζg)
= y.For (5.7), we need to check �rst what the spins of the endvertices x, y of e are in

σ. Indeed, if σ(x) 6= σ(y) or σ(x) = σ(y) ∈ S1/q, then (5.7) = 0 by De�nition5.3.9. Let us assume that σ(x) = σ(y) = j /∈ S1/q, and denote the maximalmonochromatic component (with respect to σ) in the graph Zd which contains xby Gx. By Lemma 5.3.3, the conditional distribution of Y given σ is a random-cluster measure on Gx with parameters p and qaj . Moreover, since j /∈ S1/q, wehave that Ŷ and Y agree on Gx. Keeping these observations in mind, it followsthat (5.7) equals










0 if σ(x) 6= σ(y) or σ(x) = σ(y) ∈ S1/q,

p if σ(x) = σ(y) /∈ S1/q and x (ζ;ζs)↔ y,
p

p+(1−p)qaj
if σ(x) = σ(y) = j /∈ S1/q and x (ζ;ζs)

= y.Since due to the assumption a` ≥ 1/q, we have for all j ∈ S that
p ≥ p

p+ (1 − p)qajand by the de�nition of a` we have for all j ∈ S \ S1/q that
p

p+ (1 − p)qa`
≥ p

p+ (1 − p)qaj
,



5.4. PROOFS OF THE MAIN RESULTS 97we obtain the desired result by noting that x (ζ′;ζg)
= y implies x (ζ;ζs)

= y.Part 2 can also be proved by a direct application of Holley's theorem, noticingthat due to the de�nition of ` and the assumption qa` < 1 we have that
p

p+ (1 − p)qa`
≥ max{p,max

i∈S

p

p+ (1 − p)qai
}.

25.4 Proofs of the main resultsAfter all the preparation in Section 5.3, we are now ready to prove our main results.The proof of Proposition 5.2.4 is not di�cult. In fact, one can use the same ideaas the one behind the proof of Lemma 5.6 in [55], namely that any vertex can beisolated (i.e., incident to closed edges only) in the edge con�guration (given anyspin con�guration) with probability bounded away from 0, in which case it can beassigned any spin in S, independently of everything else. A formal proof goes asfollows.Proof of Proposition 5.2.4. Fix v ∈ Zd,m ∈ S and σ ∈ SZ
d\{v}, and recall thede�nition for W ⊂ Zd of the event Kσ

W ⊂ ΩC at the beginning of Section 5.2.2 andof the analogous event CσW ⊂ Ω at the beginning of Section 5.3. Denote by Ev theevent that all 2d edges incident to v are closed. We have that
µZ

d

p,q,(a1,...,as)(K
m
{v} | Kσ

Zd\{v}) ≥ PZ
d

p,q,(a1,...,as)(C
m
{v} | Cσ

Zd\{v} ∩ Ev)
×PZ

d

p,q,(a1,...,as)(Ev | Cσ
Zd\{v}). (5.8)Obviously (or as a special case of Corollary 5.3.7), we have that the �rst term onthe right hand side of (5.8) is am, since given Ev, v is assigned a spin independentlyof everything else.On the other hand,

PZ
d

p,q,(a1,...,as)
(Ev | Cσ

Zd\{v}) =
∑

b∈S

PZ
d

p,q,(a1,...,as)(Ev | Cσ
Zd\{v} ∩ Cb{v})

×PZ
d

p,q,(a1,...,as)(C
b
{v} | Cσ

Zd\{v}).Now, whatever value b ∈ S takes, the full spin con�guration is given in the �rstfactor on the right hand side, so we can apply Lemma 5.3.3. Under any random-cluster measure with parameters p and q̃ > 0, the probability of Ev is bounded awayfrom 0: a lower bound for q̃ ≥ 1 is (1 − p)2d, while for q̃ < 1 it is (1 − p
p+(1−p)q̃ )

2d.



98 CHAPTER 5. GIBBSIANNESS AND NON-GIBBSIANNESSSince here the parameter q̃ equals qab for some b, we get the lower bound
min{(1 − p)2d, (1 − p

p+ (1 − p)qmini∈S ai
)2d}for the �rst factor, which is uniform in b. As PZ

d

p,q,(a1,...,as)(C
b
{v} | Cσ

Zd\{v}) for b ∈ Ssum up to 1, we get the same lower bound for PZ
d

p,q,(a1,...,as)
(Ev | Cσ

Zd\{v}).Combining this with (5.8) and the remark thereafter, we have that
ε =

(

min
i∈S

ai

)(

min{1 − p, 1 − p

p+ (1 − p)qmini∈S ai
}
)2dis a lower bound for µZ

d

p,q,(a1,...,as)(K
m
{v} | Kσ

Zd\{v}). Since ε does not depend on
v,m or σ and is positive for any values of p ∈ [0, 1), q ≥ 1, a1, . . . , as ∈ (0, 1), weconclude that µZ

d

p,q,(a1,...,as) is uniformly nonnull for such parameters. 2The proof of Theorem 5.2.7 consists of many parts. For the proof of parts 1,2(b), and 3(b), we de�ne below a counterexample that is very similar to the onegiven in [55, 56] (see also [36, 70, 71]). After the de�nition of the counterexampleand a brief discussion of the ideas behind the proof, we give Lemma 5.4.1, afterwhich it will not be di�cult to prove parts 1, 2(b), and 3(b). Finally, we proveparts 2(a) and 3(a). From this point on we assume that S 6= S1/q.Recall �rst the de�nitions of Λn and ` from Sections 5.2.1 and 5.2.2, respec-tively. Fix an arbitrary spin m ∈ S such that m 6= `, and de�ne an auxiliary spincon�guration σ∗ ∈ SZ
d by setting, for each x = (x1, x2, . . . , xd) ∈ Zd,

σ∗(x) =







m if x1 = 0, |x2| + |x3| + . . .+ |xd| = 1or x1 = −1, |x2| + |x3| + . . .+ |xd| > 1, and
` otherwise,and for k ∈ {1, 2, . . .} spin con�gurations σk,`, σk,m ∈ SZ

d\{0} (see Figure 5.1below) by
σk,`(x) =

{

` for x ∈ Zd \ Λk,
σ∗(x) otherwise,and

σk,m(x) =

{

m for x ∈ Λk+1 \ Λk,
σk,`(x) otherwise.We shall give a heuristic argument below that shows that even though σk,` and

σk,m agree on Λk \{0}, the choice between conditioning on σk,` or σk,m in Zd \{0}does in�uence what spin value is taken in 0.
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` ` ` ` ` ` ` ` ` m m m m m m m m m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` ` m ` ` ` ` m ` ` ` m ` ` ` m
` ` ` ` ` ` ` ` m ` ` ` ` ` ` m
` ` ` ` m ` ` ` ` m ` ` ` m ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` m ` ` ` ` ` m ` ` m ` ` ` ` m
` ` ` ` ` ` ` ` ` m m m m m m m m mFigure 5.1: Restriction of σ3,` (to the left) and σ3,m (to the right) to Λ4 \ {0} intwo dimensions. For all x ∈ Z2 \ Λ4, σ3,`(x) = σ3,m(x) = `.Denote by u1 = (1, 0, 0, . . . , 0) and u2 = (−1, 0, 0, . . . , 0) the two nearest neigh-bours of 0 in Zd with σ∗-spin `, the other nearest neighbours by u3, u4, . . . , u2d,and for i ∈ {1, 2, . . . , 2d} the edges between 0 and ui by ei. Given either of σk,` and

σk,m, both u1 and u2 have spin `, hence by Lemma 5.3.3, the relevant conditionaledge distributions φk,`, respectively φk,m, on the edge set of the spin cluster(s) con-taining u1 and u2 are random-cluster measures with parameters p and qa`. By thede�nition of random-cluster measures (see De�nition 5.2.2), the probability thatan edge is open depends on whether or not its endvertices are already connectedby an open path in the rest of the edge con�guration. Since u3, u4, . . . , u2d all havespin m both in σk,` and in σk,m, there can be an open path between the endverticesof e1 or e2 (before their state is decided) only if u1 and u2 are connected by anopen path in Ed \ {e1, e2, . . . , e2d}, which event we denote by A.Given σk,m, the vertices u1 and u2 are in di�erent spin clusters, except if 0 hasspin `, hence φk,m(A) = 0 for all k ∈ {1, 2, . . .}. On the other hand, if we conditionon σk,` with an arbitrary �xed k, then at any value of p > 0, there exists withpositive probability an open path between u1 and u2 in Ed \ {e1, e2, . . . , e2d}. Thepresence of such an open path may in�uence the probability with which e1 and e2are open, and thereby the spin value that 0 takes. This is essentially the reasonwhy k-Markovianness fails for any k at all values of p > 0.As for (non-)quasilocality, we note �rst that since the free random-cluster mea-sure ΦZ
d,0
p,qa`

is the stochastically smallest among random-cluster measures with pa-rameters p and qa` (see Section 5.2.1), φk,`(A) can be bounded below by Φ
(c)
k (A),where Φ

(c)
k is ΦZ

d,0
p,qa`

conditioned on having those edges closed that are incident to
0 or to a vertex that has spin m in σk,`. For high enough values of p, we have anin�nite open path in a half-space with positive Φ

(c)
k -probability. In case of qa` > 1,
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Φ

(c)
k satis�es the FKG inequality (see inequality (5.3)), hence it has positive prob-ability that there is an in�nite open path in H+ (i.e., the set of vertices in Zdwhose �rst coordinate is strictly positive) that contains u1, and an in�nite openpath in H−, the set of vertices in Zd whose �rst coordinate is strictly negative, thatcontains u2. Since there is Φ

(c)
k -a.s. at most one in�nite FK cluster, there exists inthe above case an open path between u1 and u2 that does not go through 0. Thisimplies that the Φ

(c)
k -probability of A is bounded away from 0 for p > pHc (qa`, d),uniformly in k, hence so is φk,`(A). Therefore, for such p, there is a di�erencebetween conditioning on σk,` or on σk,m even in the limit as k → ∞, whencequasilocality fails as well.However, for qa` < 1, random-cluster measures with parameters p and qa` donot satisfy the FKG inequality. Therefore, in this case, we consider a Bernoullibond percolation measure that is stochastically smaller than any random-clustermeasure with these parameters. Since for Bernoulli percolation we have both FKGinequality and uniqueness of the in�nite cluster as for Φ

(c)
k above, we can �nish theproof in the same fashion as before. However, for this argument to work, p shouldbe large enough that there is an in�nite open path in a half-space with positiveprobability in Bernoulli bond percolation, it is not enough to be above pHc (qa`, d).Most of the work needed for the proof of parts 1, 2(b), and 3(b) of Theorem5.2.7 is contained in the following lemma, which shows that k-Markovianness andquasilocality are indeed related to the conditional probability of A given that thespin con�guration in Zd \ {0} is σk,`.Lemma 5.4.1. Fix parameters d ≥ 2, q ≥ 1, p, a1, a2, . . . , as ∈ (0, 1) of the DaC(q)model on Zd in such a way that S 6= S1/q. Considering the events A = {(ξ, η) ∈

Ω : there exists an open path in ηEd\{e1,e2,...,e2d} between u1 and u2} and O`,m =
{(ξ, η) ∈ Ω : ξ(0) ∈ {`,m}}, we have the following.1. If for a �xed k ∈ {1, 2, . . .} we have that

PZ
d

p,q,(a1,...,as)
(A | O`,m ∩ Cσk,`

Zd\{0}) > 0,then µZ
d

p,q,(a1,...,as) is not k-Markovian.2. If there exists γ > 0 such that, for all k ∈ {1, 2, . . .},
PZ

d

p,q,(a1,...,as) (A | O`,m ∩ Cσk,`

Zd\{0}) > γ,then µZ
d

p,q,(a1,...,as) is not quasilocal.Proof. In order to simplify the notation, in this proof we denote PZ
d

p,q,(a1,...,as) by
P, Cσk,`

Zd\{0} by L = Lk, and Cσk,m

Zd\{0} by M = Mk. The �rst step in the proof is to



5.4. PROOFS OF THE MAIN RESULTS 101derive inequality (5.10) for all k ∈ {1, 2, . . .}. Consider the expression
∣

∣

∣P(C`{0} | L) − P(C`{0} |M)
∣

∣

∣ . (5.9)Note that we have that
P(C`{0} | L) = P(C`{0} | O`,m ∩ L)P(O`,m | L),and similarly withM . Using this, we obtain by basic algebra (i.e., �rst subtracting,then adding a dummy term P(C`{0} | O`,m ∩M)P(O`,m | L) in (5.9) between theabsolute values and �nally using that |a− b| ≥ |a| − |b|) that (5.9) is greater thanor equal to

∣

∣

∣P(C`{0} | O`,m ∩ L) − P(C`{0} | O`,m ∩M)
∣

∣

∣P(O`,m | L)

−
∣

∣P(O`,m | L) − P(O`,m |M)
∣

∣P(C`{0} | O`,m ∩M).Since P(O`,m | L) = P(C`{0} | L)+P(Cm{0} | L), we have by uniform nonnullness (i.e.,Proposition 5.2.4) that there exists δ > 0 such that, uniformly in k, ∣∣P(O`,m | L)
∣

∣ ≥
δ. This observation, noting that P(C`{0} | O`,m ∩M) ≤ 1, and that P(O`,m | L) =

P(C`{0} | L)+P(Cm{0} | L) and similarly withM , and applying the triangle inequalityyields that (5.9) is greater than or equal to
∣

∣

∣P(C`{0} | O`,m ∩ L) − P(C`{0} | O`,m ∩M)
∣

∣

∣ δ

−
∣

∣

∣P(C`{0} | L) − P(C`{0} | M)
∣

∣

∣−
∣

∣

∣P(Cm{0} | L) − P(Cm{0} |M)
∣

∣

∣ .After a rearrangement of the terms, this gives that
2
∣

∣

∣P(C`{0} | L) − P(C`{0} |M)
∣

∣

∣+
∣

∣

∣P(Cm{0} | L) − P(Cm{0} |M)
∣

∣

∣

≥ δ
∣

∣

∣
P(C`{0} | O`,m ∩ L) − P(C`{0} | O`,m ∩M)

∣

∣

∣
. (5.10)From now on, we shall be working on bounding the right hand side of (5.10)from below. Elementary calculations and an application of Lemma 5.3.4 with

i = `, j = m, v = 0 show that
P(C`{0} | O`,m ∩ L ∩A) =

P(C`{0} ∩ L ∩A)/P(O`,m ∩ L ∩A)

P(Cm{0} ∩ L ∩A)/P(O`,m ∩ L ∩A)

×P(Cm{0} | O`,m ∩ L ∩A)

= c`,m1 (1 − P(C`{0} | O`,m ∩ L ∩A)),
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P(C`{0} | O`,m ∩ L ∩A) =

c`,m1

c`,m1 + 1
. (5.11)By similar considerations, we obtain that

P(C`{0} | O`,m ∩ L ∩Ac) =
c`,m2

c`,m2 + 1
, (5.12)and that

P(C`{0} | O`,m ∩M) = P(C`{0} | O`,m ∩M ∩Ac)

=
c`,m2

c`,m2 + 1
. (5.13)Using (5.11) and (5.12), we get that

P(C`{0} | O`,m ∩ L) =
c`,m1

c`,m1 + 1
P(A | O`,m ∩ L)

+
c`,m2

c`,m2 + 1
P(Ac | O`,m ∩ L)

=
c`,m2

c`,m2 + 1
+ (

c`,m1

c`,m1 + 1
− c`,m2

c`,m2 + 1
)

×P(A | O`,m ∩ L). (5.14)Applying (5.14) and (5.13) in (5.10) yields that, for any k, we have that
2
∣

∣

∣
P(C`{0} | Lk) − P(C`{0} |Mk)

∣

∣

∣
+
∣

∣

∣
P(Cm{0} | Lk) − P(Cm{0} |Mk)

∣

∣

∣

≥ δ

∣

∣

∣

∣

∣

c`,m1

c`,m1 + 1
− c`,m2

c`,m2 + 1

∣

∣

∣

∣

∣

P(A | O`,m ∩ Lk). (5.15)Since a` 6= 1/q by de�nition, we have that c`,m1 6= c`,m2 . This implies that the�rst two factors on the right hand side of (5.15) are positive constants, neitherof which depends on k. Now suppose that µZ
d

p,q,(a1,...,as) is k-Markovian for some
k. In that case the left hand side of (5.15) is 0 since σk,`Λk\{0}

= σk,mΛk\{0}
, therefore

P(A | O`,m∩Lk) = 0. This proves part 1 of Lemma 5.4.1. Similarly, if µZ
d

p,q,(a1,...,as)is quasilocal, then the limit of the left hand side of (5.15) is 0 as k → ∞, whichcannot be the case if P(A | O`,m ∩ Lk) is bounded away from 0, uniformly in k.This concludes the proof of part 2. 2



5.4. PROOFS OF THE MAIN RESULTS 103Proof of Theorem 5.2.7, parts 1, 2(b), and 3(b). For this proof, recallthe notion of an increasing event on ΩD (see Section 5.2.1). Let d ≥ 2, q ≥
1, p, a1, a2, . . . , as ∈ (0, 1) be arbitrary parameters of the DaC(q) model on Zd insuch a way that S 6= S1/q. For k ∈ {1, 2, . . .}, de�ne the edge sets Ed,k = {e ∈ Ed : eis incident to 0 or to some v ∈ Λk \{0} with σ∗(v) = m}, with σ∗ as de�ned beforeLemma 5.4.1. For a parameter p̃ ∈ (0, 1) and each k ∈ {1, 2, . . .} we de�ne aninhomogeneous bond percolation measure Pp̃,k on ΩD which assigns value 0 to all
e ∈ Ed,k, and independently to each e ∈ Ed \Ed,k value 1 with probability p̃ and 0with probability 1 − p̃. It follows from Lemma 5.3.3 and De�nition 5.2.2 that themarginal on Y of the conditional distribution PZ

d

p,q,(a1,...,as) given O`,m ∩ Cσk,`

Zd\{0}is stochastically larger than Pp̃,k with p̃ = p
p+(1−p)qa`

if qa` ≥ 1, and with p̃ = pif qa` ≤ 1. Therefore, denoting the projection of A on ΩD by AD (note that
AD ⊂ ΩD is increasing), we have for any k that

PZ
d

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) ≥ Pp̃,k(AD). (5.16)Since min{ p
p+(1−p)qa`

, p} > 0 for all p ∈ (0, 1), we obviously have for any �xed
k ∈ {1, 2, . . .} that Pp̃,k(AD) > 0. This proves non-k-Markovianness of the measure
µZ

d

p,q,(a1,...,as) according to (5.16) and part 1 of Lemma 5.4.1.For the proof of part 2(b), recall the de�nition of the vertices u1, u2 ∈ Zd andedges e1, e2, . . . , e2d ∈ Ed (before Lemma 5.4.1), and that H+ (respectively H−)denotes the set of vertices in Zd whose �rst coordinate is strictly positive (resp.negative). Consider the following events:
AH+ = {η ∈ ΩD : ∃ an in�nite open path in ηH+ which contains u1},
AH− = {η ∈ ΩD : ∃ an in�nite open path in ηH− which contains u2},
U = {η ∈ ΩD : there is at most one in�nite open component in ηEd\{e1,e2,...,e2d}},and note that AH+ ∩AH− ∩ U ⊂ AD.Now assume that a` > 1/q. This implies that qa` ≥ 1 and hence the freerandom-cluster measure ΦZ

d,0
p,qa`

exists and is the stochastically smallest random-cluster measure for Zd with parameters p and qa` (see Section 5.2.1). Let usdenote the measure ΦZ
d,0
p,qa`

conditioned on the event {η ∈ ΩD : ηEd,k ≡ 0} by
Φ

(c)
k . Due to the above mentioned extremality of ΦZ

d,0
p,qa`

with respect to stochasticordering, Lemma 5.3.3 implies that for all k ∈ {1, 2, . . .}, the marginal on Y of themeasure PZ
d

p,q,(a1,...,as)
conditioned on O`,m ∩ Cσk,`

Zd\{0} is stochastically larger than
Φ

(c)
k . Therefore, we have that

PZ
d

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) ≥ Φ
(c)
k (AD)

≥ Φ
(c)
k (AH+ ∩AH− ∩ U). (5.17)It is not di�cult to see that the fact that under ΦZ
d,0
p,qa`

there is a.s. at most one in-�nite FK cluster and closing all the edges e1, e2, . . . , e2d cannot change this implies
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(c)
k . Hence, we have that

Φ
(c)
k (AH+ ∩AH− ∩ U) = Φ

(c)
k (AH+ ∩AH−)

≥ Φ
(c)
k (AH+)Φ

(c)
k (AH−) (5.18)by (5.3), since AH+ and AH− are increasing events. Now note that it follows fromthe de�nition of pHc (qa`, d) that for all p > pHc (qa`, d), Φ
(c)
k (AH+) = Φ

(c)
k (AH−) isbounded away from 0, uniformly in k. Therefore, we have by (5.17) and (5.18)that PZ

d

p,q,(a1,...,as)(A | O`,m ∩ Cσk,`

Zd\{0}) is bounded away from 0 for such values of
p, which implies non-quasilocality of µZ

d

p,q,(a1,...,as)
by part 2 of Lemma 5.4.1. Thisconcludes the proof of part 2(b).In case of a` < 1/q, as remarked above, (5.16) holds with p̃ = p. On the otherhand, if p > pc(1, d), then p̃ > pc(1, d), hence by Lemma 8.2 in [56] (whose proofis based on a computation similar to (5.17) and (5.18)), we have

lim
k→∞

Pp̃,k(AD) > 0.By this, (5.16), and part 2 of Lemma 5.4.1, it follows that µZ
d

p,q,(a1,...,as) is notquasilocal, proving part 3(b). 2Proof of Theorem 5.2.7, parts 2(a) and 3(a). For the proof, recall thede�nition of Ω̂ (De�nition 5.3.9), and for a set W ⊂ Zd and a spin con�guration
κ ∈ SW , the de�nition of Kκ

W (Section 5.2.2), and de�ne the analogous event
ĈκW = {(ξ, η, η̂) ∈ Ω̂ : ξW = κ}. Fix parameters d ≥ 2, q ≥ 1, a1, a2, . . . , as ∈ (0, 1)of the DaC(q) model on Zd, then p in such a way that p < pc(qa`, d) if a` > 1/q,and p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d)
if a` < 1/q. Fix an arbitrary W ⊂⊂ Zd, κ ∈ SW , and

ε > 0. We need to show the existence of N = N(ε,W, κ) such that for all n ≥ N ,if σ, σ′ ∈ SZ
d\W agree on Λn \W , then
|µZ

d

p,q,(a1,...,as)(K
κ
W | Kσ

Zd\W ) − µZ
d

p,q,(a1,...,as)(K
κ
W | Kσ′

Zd\W )| (5.19)is smaller than or equal to ε.In order to �nd such an N , following the idea in the proof of Theorem 4.4 part(i) in [56], we shall consider a measure on ΩD that is stochastically larger thanthe conditional distribution of edges given either of σ or σ′: we de�ne φdom =

ΦZ
d,1
p,qa`

in case of a` > 1/q, and φdom = ΦZ
d,1

p
p+(1−p)qa`

,1 if a` < 1/q. Note that theparameters are chosen in such a way that φdom-a.s. there exists no in�nite openbond cluster (for the case a` < 1/q, notice that p < pc(1,d)qa`

pc(1,d)qa`+1−pc(1,d)
ensuresthat p

p+(1−p)qa`
< pc(1, d)). Therefore, it is possible to choose an N so large that

φdom({∂W ↔ ∂ΛN}) ≤ ε, (5.20)



5.4. PROOFS OF THE MAIN RESULTS 105where {∂W ↔ ∂ΛN} = {η ∈ ΩD : there exists a path between ∂W and ∂ΛN alongwhich all edges are open in η}.Fix an arbitrary n ≥ N , and let σ, σ′ ∈ SZ
d\W be two arbitrary spin con�gura-tions such that σΛn\W = σ′

Λn\W . We construct a coupling of(i) an Ω̂-valued random triple (X,Y, Ŷ ) with distribution P̂Z
d

p,q,(a1,...,as) condi-tioned on Ĉσ
Zd\W ,(ii) an Ω̂-valued random triple (X ′, Y ′, Ŷ ′) with distribution P̂Z

d

p,q,(a1,...,as) condi-tioned on Ĉσ′

Zd\W ,(iii) an ΩD-valued random edge con�guration Y dom with distribution φdom,and write Q for the probability measure on Ω̂× Ω̂×ΩD underlying the coupling. Itfollows from the coupling inequality (Proposition 4.2 in [46]) that (5.19) ≤ Q(XW 6=
X ′
W ), hence showing that Q(XW = X ′

W ) ≥ 1 − ε would complete the proof. Theidea is the following.1. Draw Ŷ , Ŷ ′ and Y dom outside Λn in such a way that
Q(ŶEd\En

≤ Y dom
Ed\En

and Ŷ ′
Ed\En

≤ Y dom
Ed\En

) = 1.This is possible due to Lemma 5.3.10 part 1 if qa` > 1, part 2 if qa` < 1, andStrassen's theorem (see Section 5.2.1).2. Determine the statuses of the edges inside the box, one edge at a time, in arandom order determined by Y dom: at each step, we choose the �rst edge e(according to a deterministic ordering of En) which has not been selected inany previous step and is incident to some vertex in ∂Λn or some previouslyselected edge f with Y dom(f) = 1. This roughly means that the statuses ofedges are checked going from ∂Λn towards the centre of the box until a barrieris found which is closed in Y dom or there are no more edges left. The event
T that there exists a barrier B that separates ∂W and ∂Λn (i.e., such that
W ∪ ∂W ⊂ Vint(B) ⊂ Λn) which is closed in Y dom occurs with probabilityat least 1 − ε by (5.20), so let us assume that. Using Lemma 5.3.10 part 1if qa` > 1 and part 2 if qa` < 1 at each step, it is possible to ensure that
Ŷ (e) ≤ Y dom(e) and Ŷ ′(e) ≤ Y dom(e) for each edge e selected in this stage.This in particular means that B is closed in Ŷ and Ŷ ′ as well, i.e., for all
e ∈ B, Ŷ (e) = Ŷ ′(e) = 0.3. Since B is a barrier which is closed in Ŷ , it is a quasi-closed barrier in
(X,Y ), therefore Corollary 5.3.7 implies that the conditional distribution of
(X,Y ) on int(B) given XZd\W = σ and what we have seen of (X,Y, Ŷ ) is
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int(B)
p,q,(a1,...,as)

conditioned on {(ξ, η) ∈ Ωint(B) : ξVint(B)\W = σVint(B)\W }. Bysimilar considerations, the conditional distribution of (X ′, Y ′) given what wehave seen of (X ′, Y ′, Ŷ ′) is P
int(B)
p,q,(a1,...,as)

conditioned on {(ξ, η) ∈ Ωint(B) :

ξVint(B)\W = σ′
Vint(B)\W

}. Since Vint(B) ⊂ Λn and σΛn\W = σ′
Λn\W , we cantake

(XVint(B)
, YEint(B)

, ŶEint(B)
) = (X ′

Vint(B)
, Y ′

Eint(B)
, Ŷ ′

Eint(B)
)in our coupling.These considerations imply that

Q(XW = X ′
W ) ≥ Q(T )

≥ 1 − ε,which concludes the proof as noted above. 2The proof of Proposition 5.2.9 is an easier application of the concept that theexistence of a (quasi-)closed barrier �blocks the information from outside�. Sincethe proof is virtually the same as the proof of Proposition 3.7 in [55], i.e., theanalogous statement for the DaC(1) model, we will just sketch it for the reader'sconvenience.Proof sketch of Proposition 5.2.9. Fix W ⊂ Zd and σ ∈ SZ
d\W such thatnone of the spins in σ percolates. By the assumption (5.4), this is true for almostevery spin con�guration. Let W ′ ⊂ Zd \W be the union of all spin componentsin σZd\W that intersect the vertex boundary ∂W . Since there is no in�nite spincomponent in σ, we have that W ′ is a �nite set, hence the edge boundary B =

∆(W ∪W ′) is a closed barrier. Therefore, it follows from Lemma 5.3.7 that theconditional distribution of µZ
d

p,q,(a1,...,as) given Kσ
Zd\W is µint(B)

p,q,(a1,...,as) conditionedon {ξ ∈ Ω
int(B)
C : ξW ′ = σW ′}.Now recall the de�nition of ∂nW , the n-neighbourhood of W , in Section 5.2.2.If k is so large that W ′ ⊂ ∂k−1W , and σ′ ∈ SZ

d\W is such that σ′
∂kW

= σ∂kW , thenit is clear by the same argument that the conditional distribution of µZ
d

p,q,(a1,...,as)given Kσ′

Zd\W is µint(B)
p,q,(a1,...,as) conditioned on {ξ ∈ Ω

int(B)
C : ξW ′ = σ′

W ′}. Since
σW ′ = σ′

W ′ , the above conditions are the same, therefore for any κ ∈ SW , we havethat
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Zd\W ) − µZ
d

p,q,(a1,...,as)
(Kκ
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Zd\W )| = 0.This proves almost sure quasilocality of µZ
d

p,q,(a1,...,as). 2



SummaryThis thesis is concerned with the study of `divide and colour' (DaC) models, whichis a very general class unifying several mathematically and physically importantmodels, see below. The de�nition of DaC models is very simple. Given a set V ,one �rst takes a partition of V (i.e., considers disjoint subsets of V whose union is
V) according to some rule, then assigns to each resulting subset a random colour(or spin) chosen from a �nite set S (i.e., the same spin is assigned to each elementin the subset), independently for di�erent subsets. We are usually interested inthe resulting spin con�guration; the only role of partitioning V is to introducedependence between the colour of di�erent elements of V .Our main object of interest is when V is the vertex set of the triangular lattice
T or the square lattice Z2, see Figure 5.2, and partitioning the vertices is done asfollows. We draw a random edge con�guration Y with distribution ΦL

p,q, where ΦL
p,qis the Fortuin-Kasteleyn (FK) random-cluster measure with edge-weight p ∈ [0, 1]and cluster-weight q > 0 on the lattice L = T or L = Z2. For each edge, there aretwo possibilities: we either have Y (e) = 0 in which case we call the edge closed,or Y (e) = 1 when we call e open. Then we consider two vertices v, w ∈ V to bein the same subset of the partition of V if and only if they are in the same bondcluster in Y , that is, if one can get from v to w by going through open edges only.We call DaC models that are constructed in this way DaC(q) models. The name`divide and colour' originates from Häggström, who in [55] introduced and studieda model which is the DaC(1) model in the above terminology, and termed it thedivide and colour model.The main motivation for studying DaC(q) models is that certain special casesare well-known and much-studied models. In particular, regardless of the value ofthe cluster-weight q, if the edge-weight p equals 0, then Y is such that all edgesare closed, hence we get Bernoulli site percolation, i.e., independent, identicallydistributed colouring of vertices. Another important case is when q = 2, S =

{−1,+1}, and each spin has probability 1/2 to be assigned to a bond cluster. Thisgives the Ising model, an (over)simpli�ed model for ferromagnetism, which may bethe most famous spatial model of statistical physics, having been studied by various107
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Figure 5.2: A piece of the square lattice Z2 (left) and the triangular lattice T(right). Circles represent the vertices, and a line between two circles represents anedge between the corresponding vertices.authors up to the present day. With a �xed integer q ≥ 2, the DaC(q) model with
S = {1, 2, . . . , q} and probability 1/q assigned to each of the q possible spins, weget the q-state Potts model, which is a standard generalisation of the Ising modelwith q colours in place of 2. Finally, taking spin set S = {1, 2, . . . , s} with spin ihaving colouring probability ai = ri/q where r1, r2, . . . , rs are positive integers suchthat ∑s

i=1 ri = q yields the fuzzy Potts model, which arises by identifying certainspins in the Potts model. The parameter p is related to the temperature in theIsing and (fuzzy) Potts models: small values of p correspond to high temperatures,and large p-values to low temperatures. We believe that studying DaC(q) modelswith a real parameter q > 0 and more general colouring distributions will help tohave a better understanding of the above important physical models. Our resultsin Chapters 4 and 5 (see below) are the most relevant in this regard.Having discussed the motivation for the study of DaC(q) models, now we givea brief summary of the main results in the di�erent chapters. Chapters 2, 3, and4 are concerned with the question of when (i.e., at what values of the parameters)do we have an in�nite monochromatic component (that is, an in�nite connectedvertex set whose elements are all of the same colour). The answer may dependof course on whether there is an in�nite bond cluster already in the random bondcon�guration Y . It is well-known that for any �xed q ≥ 1, there exists a criticalvalue pLc (q) (where L = T or L = Z2) such that all bond clusters are �nite if
p < pLc (q) whereas there exists a unique in�nite bond cluster if p > pLc (q). Inparticular, the relevant values for the DaC(1) model, the topic of Chapters 2 and
3, are pZ

2

c (1) = 1/2 (see [67]) and pT

c (1) = 2 sin(π/18) (see [90] and also [88, 89]).In Chapters 2 and 3, we look at the DaC(1) model with two colours: black andwhite, with black having probability r, white 1 − r. It is easy to see that bothfor L = T and L = Z2, for all p > pLc (1), there exists an in�nite monochromaticcomponent, which is black with probability r, and white with probability 1 − r.



109It also follows easily from classical results (see [52] or [68]) that at p = pLc (1), thestructure of bond clusters is so special that there can be an in�nite monochromaticcomponent only for r = 0 or r = 1, where all vertices are coloured the same.Therefore, the only question left is what happens for p < pLc (1).We show in Chapter 2 that on the triangular lattice T, we have a percolationphase transition at r = 1/2, that is, for all p < pT

c (1), we have the following. For
r < 1/2, there exists an in�nite white component but no in�nite black component;for r = 1/2, there is no in�nite component of either colour; for r > 1/2, there is anin�nite black component but no in�nite white component.In order to state our result for the square lattice as well, we need to de�nethe concept of a ∗-component, which is the same as a component except thatdiagonal connections are also allowed, see Figure 5.3. We prove that on Z2, there
Figure 5.3: A black component (left), and a black ∗-component which consists oftwo black components (right).is a duality between percolation and ∗-percolation, as follows. For all p < pZ

2

c (1),there exists a critical colouring value 1/2 ≤ rc(p) < 1 such that for r < rc(p),there exists an in�nite white ∗-component but no in�nite black component; for
r = rc(p), there exists neither an in�nite white ∗-component nor and in�nite blackcomponent; for r > rc(p), there exists an in�nite black component but no in�nitewhite ∗-component.In addition to the �phase diagrams� on L = T and L = Z2 given above, weprove in Chapter 2 that for all �xed p < pLc (1), the probability that a given vertexis in an in�nite black component is a continuous function of r, i.e., a small changein r results only in a small change of the above probability.The results in Chapter 2 do not determine the exact value of the critical value
rc(p) for the DaC(1) model on Z2. In Chapter 3, by a modi�cation of the methodsin [81], we obtain a procedure which gives a con�dence interval for rc(p) with an ar-bitrarily high con�dence level under the assumption that one can generate randomvariables with uniform distribution on the interval [0, 1], and apply the method incomputer simulations. In particular, if we accept that the numbers given by one of



110the most used and trusted random number generators, the Mersenne Twister [75],can be treated as genuinely random, then we can be 99.9999% con�dent that rc(p)is between the lower and upper bounds displayed in Figure 3.3.The simulation results suggest that we have rc(p) > 1/2 for all p < pZ
2

c (1),which would mean that the DaC(1) model on the square lattice is qualitativelydi�erent from the DaC(1) model on T, where the critical colouring probability is
1/2 for all p < pT

c (1). However, the di�erence seems to disappear as p tends to
1/2. An intuitive explanation of this matter and further discussion of the resultscan be found in Section 3.3.In Chapter 4, we consider the DaC(2) model with two colours, where againblack has probability r, and white probability 1 − r. As before, we are interestedin what the critical colouring probability is when p < pLc (2). By entirely di�erentmethods from those in Chapter 2, we obtain that the phase diagram in the DaC(2)model on the triangular lattice T looks the same as in the DaC(1) model on T (seeabove). In particular, we prove that the critical colouring parameter is 1/2 for all
p < pT

c (2). For the square lattice, we conjecture (see Conjecture 2.1.7) that wehave the same duality between black percolation and white ∗-percolation in theDaC(2) model for p < pZ
2

c (2) as in the DaC(1) model for p < pZ
2

c (1) (see above),but we have not yet managed to prove this. Our only result concerning this caseat the moment is that the critical colouring probability is strictly greater than 1/2for all p < pZ
2

c (2).An important aspect of our results is the following. At r = 1/2, identifyingblack with the value +1 and white with −1, as noted earlier, the DaC(2) modelfor p < pLc (2) coincides with the high temperature Ising model. Therefore, on T(but not on Z2), the Ising model corresponds to the critical point in the DaC(2)model. Since the DaC(2) model (just like all other DaC models) can be viewed asBernoulli site percolation on a random graph whose vertices are the bond clusters,we can conclude that the high temperature Ising model on the triangular latticeactually is critical Bernoulli percolation on a random graph. Therefore, our resultprovides the �rst direct link between high temperature Ising percolation on T andcritical Bernoulli percolation, justifying (but not proving!) thereby the well-knownconjecture that the high temperature Ising model on T is in the universality classof Bernoulli site percolation.In Chapter 5, we study a rather di�erent topic, namely the Gibbs and Markovproperties of DaC(q) measures. Gibbsianness of a measure on colour con�gurationsroughly means that for a vertex set W , knowledge about colours of vertices veryfar away from W does not in�uence the colour con�guration in W (this propertyis called quasilocality of the measure), furthermore that for a spin con�guration σon W , whatever spin con�guration is given outside W , we still have a probabilitybounded away from 0 to see σ occurring in W (this is called uniform nonnullness).Markovianness means that the only vertices whose colour in�uences the colour



111con�guration in W are those right next to W (i.e., at distance 1 from W ).For any integer q ≥ 2, the q-state Potts model is known to be both Gibbsian andMarkovian, hence so is the DaC(q) model with q ∈ {2, 3, . . .}, a1 = a2 = . . . = as =
1/q, regardless of the value of p. We give an alternative proof of this fact in Chapter5 that does not use the relation of the DaC(q) model to the Potts model. In all othercases however, the value of p does matter. We prove that for all �xed q ≥ 1 and
d ≥ 2, in the DaC(q) model on the d-dimensional hypercubic lattice Zd, we haveGibbsianness for small values of p (i.e., in the regime which corresponds to hightemperature), and no Gibbsianness for large p because quasilocality fails (whereasuniform nonnullness holds for all p < 1), except in the above mentioned specialcase. We also show that among the DaC(q) models on Zd, we have Markoviannessonly in the �Potts case.� Therefore, our results demonstrate the exceptional role ofthe Potts model among DaC(q) models, and in this way complement the results inChapter 4 that show the special role of the Ising model among the DaC(2) modelson T regarding percolation.The results presented in this thesis are based on the following research papers:Chapter 2 on [7], Chapter 3 on [6], Chapter 4 on [8], and Chapter 5 on [5]. Allthe chapters contain (mostly minor) deviations from the above mentioned papersin order to avoid unnecessary repetitions of de�nitions and lemmas. Furthermore,while each of the papers [8, 7, 6] focuses on one particular DaC model, here we tryto mention if certain results hold in a higher generality, e.g., for all DaC(q) modelswith q ≥ 1, or even for all DaC models.
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SamenvattingIn dit proefschrift bestuderen we zogenaamde `divide and colour' (DaC) modellen,welke een zeer algemene klasse van modellen vormen die verscheidene wiskundigen natuurkundig gezien belangrijke modellen verenigen, zie onder. De de�nitievan DaC modellen is erg simpel. Gegeven een verzameling V creëren we eersteen partitie van V (i.e., een verzameling van disjuncte deelverzamelingen van Vwaarvan de vereniging gelijk is aan V) volgens een bepaalde regel en dan wijzenwe aan iedere deelverzameling een willekeurige kleur (of spin) toe, gekozen uit eeneindige verzameling S (i.e., ieder element van de deelverzameling krijgt dezelfdekleur toegewezen), onafhankelijk voor verschillende deelverzamelingen. We zijnover het algemeen geïnteresseerd in de uiteindelijke spin con�guratie; de enige rolvan het partitioneren van V is om afhankelijkheid te creëren tussen de kleur vanverschillende elementen van V .We zijn het meest geïnteresseerd in het geval wanneer V de verzameling puntenvan het driehoeksrooster T is of van het vierkantsrooster Z2, zie Figuur 5.4, enwanneer het partitioneren van V op de volgende manier plaatsvindt. We generereneen willekeurige tak-con�guratie Y met verdeling ΦL
p,q, waarbij ΦL

p,q de Fortuin-Kasteleyn (FK) random-cluster maat is met tak-gewicht p ∈ [0, 1] en cluster-gewicht
q > 0 op het rooster L = T of L = Z2. Voor elke tak e zijn er twee mogelijkheden:
Y (e) = 0 en dan noemen we de tak gesloten, ofwel Y (e) = 1 en dit geval noemenwe de tak open. Twee punten v, w ∈ V behoren tot dezelfde deelverzameling van departitie van V dan en slechts dan wanneer ze tot hetzelfde tak-cluster behoren in
Y , dat is, als er een open pad van v naar w bestaat. We noemen DaC modellen dieop bovenstaande manier verkregen worden DaC(q) modellen. De naam `divide andcolour' komt van Häggström, die in [55] een model introduceerde en bestudeerde,wat DaC(1) is in bovenstaande terminologie, en hij noemde dit model het divideand colour model.De belangrijkste motivatie om DaC(q) modellen te bestuderen is dat bepaaldespeciale gevallen bekende en veel bestudeerde modellen zijn. In het bijzonderbestaat Y louter uit gesloten takken als het tak-gewicht p gelijk is aan 0, ongeachtde waarde van het cluster-gewicht q, en daarom krijgen we Bernoulli percolatie,113
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Figure 5.4: Een deel van het vierkantsrooster Z2 (links) en het driehoeksrooster T(rechts). Cirkels representeren de punten, en een lijn tussen twee cirkels betekentdat er een tak tussen de desbetre�ende punten is.i.e., onafhankelijke, gelijk verdeelde kleuring van de punten. Een ander belangrijkgeval is wanneer q = 2, S = {−1,+1}, en elke spin heeft kans 1/2 om toegewezente worden aan een tak-cluster. Dit resulteert in het Ising model, een (te) versim-peld model voor ferromagnetisme, wat wellicht het beroemdste ruimtelijke modelin de statistische fysica is, en wat door velen bestudeerd wordt tot op de dag vanvandaag. Met een vast gekozen geheel getal q ≥ 2 resulteert het DaC(q) modelmet S = {1, 2, . . . , q} en waarbij elk van de q mogelijke spins kans 1/q heeft omtoegewezen te worden in het q-toestand Potts model, wat een standaard genera-lisatie is van het Ising model met q kleuren in plaats van 2. Tenslotte, wanneerwe als spin verzameling S = {1, 2, . . . , s} nemen en waarbij spin i kleurings-kans
ai = ri/q heeft, met r1, . . . , rs positieve gehele getallen zodanig dat ∑s

i=1 ri = q,krijgen we het fuzzy Potts model, wat ontstaat door bepaalde spins in het Pottsmodel met elkaar te identi�ceren. De parameter p is gerelateerd aan de tempe-ratuur in de Ising en (fuzzy) Potts modellen: kleine waardes van p corresponderenmet hoge temperaturen en hoge waardes van p met lage temperaturen. We zijn vanmening dat het bestuderen van DaC(q) modellen met een reële parameter q > 0en meer algemene kleurings-verdelingen zal helpen om een beter begrip te krijgenvan bovenstaande belangrijke fysische modellen. Onze resultaten in Hoofdstukken4 en 5 (zie onder) zijn het meest relevant in dit verband.Nu we een motivatie hebben gegeven voor het bestuderen van DaC(q) modellen,geven we hieronder een korte samenvatting van de belangrijkste resultaten in deverschillende hoofdstukken. Hoofdstukken 2, 3 en 4 behandelen de vraag wanneer(i.e., voor welke waarden van de parameters) we een oneindige monochromatischcomponent hebben (dat is, een oneindige, samenhangende verzameling van puntenwaarbij alle punten dezelfde kleur hebben). Het antwoord kan uiteraard afhangenvan het wel of niet aanwezig zijn van een oneindig tak-cluster in de willekeurigetak-con�guratie Y . Het is bekend dat voor elke vaste q ≥ 1 er een kritieke waarde
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pLc (q) (met L = T of L = Z2) bestaat zodanig dat alle tak-clusters eindig zijnals p < pLc (q) terwijl er daarentegen een unieke oneindig tak-cluster bestaat als
p > pLc (q). In het bijzonder zijn de relevante waarden voor het DaC(1) model, hetonderwerp van Hoofdstukken 2 en 3, pZ

2

c (1) = 1/2 (zie [67]) en pT

c (1) = 2 sin(π/18)(zie [90] en ook [88, 89]).In Hoofdstukken 2 en 3 beschouwen we het DaC(1) model met twee kleuren:zwart en wit, waarbij zwart kans r heeft en wit 1−r. Het is eenvoudig in te zien datvoor zowel L = T als L = Z2 en voor alle p > pLc (1), er een oneindige monochro-matische component bestaat, welke zwart is met kans r en wit met kans 1− r. Hetvolgt gemakkelijk uit klassieke resultaten (zie [52] of [68]) dat op p = pLc (1), destructuur van tak-clusters zo speciaal is dat er alleen een oneindige monochroma-tische component kan bestaan voor r = 0 of r = 1, waarbij alle punten dezelfdekleur hebben. De overgebleven vraag is dus wat er gebeurt voor p < pLc (1).We laten in Hoofdstuk 2 zien dat op het driehoeksrooster T er een percolatiefaseovergang is op r = 1/2, dat is, voor alle p < pT

c (1), hebben we het volgende.Voor r < 1/2 bestaat er een oneindige witte component maar geen oneindigezwarte component; voor r = 1/2 is er geen oneindige component van beide kleuren;voor r > 1/2 is er een oneindige zwarte component, maar geen oneindige wittecomponent.Om ons resultaat voor het vierkantsrooster te kunnen noemen moeten we eersthet concept van een ∗-component de�niëren, welke hetzelfde is als een componentbehalve dat er ook diagonale connecties zijn toegestaan, zie Figuur 5.5. We bewij-
Figure 5.5: Een zwarte component (links), en een zwarte ∗-component die uit tweezwarte componenten bestaat (rechts).zen dat op Z2 er een volgende dualiteit bestaat tussen percolatie en ∗-percolatie.Voor alle p < pZ

2

c (1) bestaat er een kritische kleuringswaarde 1/2 ≤ rc(p) < 1 zo-danig dat voor r < rc(p) er een oneindige witte ∗-component is maar geen oneindigezwarte component; voor r = rc(p) bestaat er een oneindige witte ∗-component nocheen oneindige zwarte component; voor r > rc(p) bestaat er een oneindige zwarte



116component maar geen oneindige witte ∗-component.Ter aanvulling van de �fasediagrammen� op L = T en L = Z2 die we hierbovengegeven hebben, bewijzen we in Hoofdstuk 2 dat voor alle vast gekozen p < pLc (1)de kans dat een gegeven punt in een oneindige zwarte component is een continuefunctie van r is, i.e., een kleine verandering in r resulteert alleen in een kleineverandering van de bovenstaande kans.De resultaten in Hoofdstuk 2 bepalen niet de exacte waarde van de kritischewaarde rc(p) voor het DaC(1) model op Z2. In Hoofdstuk 3 verkrijgen we een pro-cedure, door middel van een modi�catie van de methodes in [81], wat een betrouw-baarheidsinterval voor rc(p) oplevert met een willekeurig hoog betrouwbaarheidsniveau onder de aanname dat men stochastische variabelen kan genereren met deuniforme distributie op het interval [0, 1], en we passen deze methode toe in com-putersimulaties. In het bijzonder, als we aannemen dat de getalen die gegevenworden door een van de meest gebruikte en betrouwbare toevalsgeneratoren, deMersenne Twiser [75], beschouwd kunnen worden als werkelijk willekeurig, dankunnen we 99.9999% zeker zijn dat rc(p) tussen de onder- en bovengrens ligt zoalsweergegeven in Figuur 3.3.De simulatie suggereert dat rc(p) > 1/2 voor alle p < pZ
2

c (1), wat zou implicerendat het DaC(1) model op het vierkantsrooster kwalitatief anders is dan het DaC(1)model op T, waar de kritische kleuringswaarde gelijk is aan 1/2 voor alle p < pT

c (1).Het verschil tussen de twee modellen lijkt echter te verdwijnen wanneer p dichtbij
1/2 komt. Een intuïtieve verklaring van dit fenomeen en een uitgebreidere discussievan de resultaten vindt men in Sectie 3.3.In Hoofdstuk 4 bestuderen we het DaC(2) model met twee kleuren, waarbijzwart weer kans r heeft en wit kans 1 − r. We zijn wederom geïnteresseerd in dewaarde van de kritische kleuringskans wanneer p < pLc (2). Met volledig anderemethodes dan in Hoofdstuk 2 verkrijgen we dat het fasediagram in het DaC(2)model op het driehoeksrooster T er hetzelfde uitziet als in het DaC(1) model op
T (zie boven). In het bijzonder bewijzen we dat de kritische kleuringskans gelijkis aan 1/2 voor alle p < pT

c (2). Voor het vierkantsrooster vermoeden we (zieVermoeden 2.1.7) dat er eenzelfde dualiteit bestaat tussen zwarte percolatie enwitte ∗-percolatie in het DaC(2)-model voor p < pZ
2

c (2) zoals in het DaC(1) modelvoor p < pZ
2

c (1) (zie boven), maar we hebben dit vermoeden nog niet kunnen bewij-zen. Ons enige resultaat op het moment betre�ende dit geval is dat de kritischekleuringskans strict groter is dan 1/2 voor alle p < pZ
2

c (2).Een belangrijk aspect van onze resultaten is het volgende. Op r = 1/2, wanneerwe zwart met de waarde +1 identi�ceren en wit met −1, zoals eerder opgemerkt,valt het DaC(2) model voor p < pLc (2) samen met het hoge temperatuur Isingmodel. Daarom correspondeert het Ising model op T (maar niet op Z2) met het kri-tieke punt in het DaC(2) model. Omdat we het DaC(2) model (net zoals alle andereDaC modellen) kunnen beschouwen als Bernoulli percolatie op een stochastische



117graaf waarvan de punten de tak-clusters zijn, kunnen we concluderen dat het hogetemperatuur Ising model op het driehoeksrooster in feite kritische Bernoulli perco-latie is op een stochastische graaf. Onze resultaten zijn daarom de eerste directeverbinding tussen hoge temperatuur Ising percolatie op T en kritische Bernoullipercolatie, wat het bekende vermoeden rechtvaardigt (maar niet bewijst!) dat hethoge temperatuur Ising model op T zich in de universaliteitsklasse van Bernoullipercolatie bevindt.In Hoofdstuk 5 bestuderen we een enigszins ander onderwerp, namelijk de Gibbsen Markov eigenschappen van DaC(q) maten. Gibbsheid van een maat op kleur-con�guraties betekent ongeveer dat voor een puntenverzameling W , informatieover kleuren van punten ver weg gelegen van W de kleur-con�guratie in W nietbeïnvloedt (deze eigenschap heet quasilocaliteit van de maat) en verder geldt datvoor een spin-con�guratie σ op W de kans van onderen van 0 af begrensd is dat
σ gebeurt in W , ongeacht de spin-con�guratie buiten W (dit heet uniforme niet-nulheid). De Markov eigenschap betekent dat de enige punten waarvan de kleurde kleur-con�guratie in W beïnvloeden de punten zijn die direct naast W liggen(i.e., ze hebben afstand 1 tot W ).Voor ieder geheel getal q ≥ 2 is bekend dat het q-toestand Potts model zowelGibbs als Markov is en hieruit volgt dat dit ook geldt voor het DaC(q) model met
q ∈ {2, 3, . . .}, a1 = a2 = . . . = as = 1/q, ongeacht de waarde van p. We geven eenalternatief bewijs hiervan in Hoofdstuk 5 dat de relatie tussen het DaC(q) modelen het Potts model niet gebruikt. In alle andere gevallen doet de waarde van p erwel toe. We bewijzen dat voor vaste q ≥ 1 en d ≥ 2, we Gibbsheid hebben in hetDaC(q) model op het d-dimensionale hyperkubus rooster Zd voor kleine waardesvan p (i.e., het gebied dat correspondeert met hoge temperatuur), en dat er geenGibbsheid is voor grote waardes van p omdat het model dan niet de quasilocaliteitseigenschap heeft (daarentegen is er uniforme niet-nulheid voor alle p < 1), behalvein het hierboven genoemde speciale geval. We bewijzen ook dat onder de DaC(q)modellen op Zd we alleen de Markov eigenschap hebben in het �Potts geval�. Onzeresultaten laten daarom de bijzondere rol van het Potts model onder de DaC(q)modellen zien en complementeren op deze manier de resultaten van Hoofdstuk 4die de bijzondere rol van het Ising model laten zien tussen de DaC(2) modellen op
T betre�ende percolatie.De resultaten die we in dit proefschrift presenteren zijn gebaseerd op de vol-gende artikelen: Hoofdstuk 2 op [7], Hoofdstuk 3 op [6], Hoofdstuk 4 op [8] enHoofdstuk 5 op [5]. Alle hoofdstukken bevatten kleine afwijkingen van de desbe-tre�ende artikelen om onnodig herhalen van de�nities en lemma's te voorkomen.Bovendien proberen we in dit proefschrift te vermelden wanneer bepaalde resul-taten ook algemener gelden, bijvoorbeeld voor alle DaC(q) modellen met q ≥ 1, ofzelfs voor alle DaC modellen, terwijl de artikelen [8, 7, 6] afzonderlijk meer gerichtzijn op een speci�ek DaC model.
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